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Circular orbit of a particle and weak gravitational lensing
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The purpose of this paper is twofold. First, we introduce a geometric approach to study the circular orbit
of a particle in static and spherically symmetric spacetime based on Jacobi metric. Second, we apply the
circular orbit to study the weak gravitational deflection of null and timelike particles based on GaussBonnet theorem. By this way, we obtain an expression of deflection angle and extend the study of
deflection angle to asymptotically nonflat black hole spacetimes. Some black holes as lens are considered
such as a static and spherically symmetric black hole in the conformal Weyl gravity and a Schwarzschildlike black hole in bumblebee gravity. Our results are consistent with the previous literature. In particular, we
find that the connection between Gaussian curvature and the radius of a circular orbit greatly simplifies the
calculation.
DOI: 10.1103/PhysRevD.101.124058

I. INTRODUCTION
In differential geometry, curvature is a core concept. For
Riemannian manifolds with dimensions greater than 2, its
information is described by the Riemann curvature tensor.
But in a two-dimensional manifold, the situation is simpler
because the Gaussian curvature (equivalently, scalar curvature) already contains all the information [1]. On the
other hand, in general theory of relativity, gravity is not a
force, but a curvature of spacetime. Naturally, one would
hope that gravitational-related effects could be represented
by curvature.
Light deflection is one of the predictions of general
relativity, which has been verified by a series of experiments [2,3]. Nowadays, the gravitational lensing has
become an important tool in astronomy and cosmology.
For example, it is used to measure the mass of galaxies and
clusters [4–6] to detect dark matter and dark energy [7–13].
For a light ray propagating through the equatorial plane,
how does the deflection angle be represented by the Gauss
curvature? In 2008, Gibbons and Werner applied the
Gauss-Bonnet (GB) theorem to study the weak gravitational deflection angle of light in static and spherically
symmetric (SSS) gravitational field [14]. In their geometric
method, the deflection angle can be calculated by integrating the Gaussian curvature of corresponding optical metric.
The importance of the Gibbons-Werner method is that it
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shows that the deflection angle can be viewed as a global
effect. How to extend this geometrical method to the
stationary and axially symmetric (SAS) spacetimes? For
a stationary spacetime, the corresponding optical geometry
is defined by a Randers-Finsler metric. Bloomer [15] tried
early and was eventually established by Werner [16] using
Nazım’s osculating Riemannian manifold method [17].
With the Gibbons-Werner method, the weak gravitational
deflection of light by different lens objects in differential
gravity models has been widely studied in Refs. [18–41].
Furthermore, some authors used GB theorem to study the
deflection of massive particles [42–45]. Recently, a new step
forward was put by Ishihara et al. [46,47] extending the use
of the Gibbons-Werner method to more general situations
where the receiver and source are assumed to be at finite
distance from a lens. More, Ono et al. [48–51] introduced
the generalized optical metric method to study the finitedistance deflection of light in SAS spacetimes. Very
recently, by using Jacobi-Maupertuis Randers-Finsler metric and GB theorem, Li et al. studied the finite-distance
effects on gravitational deflection of massive particles in
SAS spacetimes [52–54].
Both in the case of finite-distance deflection and infinitedistance deflection, the GB theorem is often applied to an
infinite region outside of the particle ray. However, it cannot
usually be applied to study of deflection angle in some
asymptotically nonflat spacetimes. Taking Schwarzschild-de
Sitter (ds) spacetime as an example, the terms containing the
cosmological constant are divergent as radial coordinate
approaches infinity. Arakida [55] first considered a finite
region and study the deflection angle of light in
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Schwarzschild-ds spacetime. Very recently, Takizawa et al.
[56] used nongeodesic circular orbits with a minimum
distance as radius to form two finite regions and studied
the deflection angle of light in asymptotically nonflat spacetimes. However, in order to calculate the deflection angle, the
geodesic curvature of nongeodesic circular orbit needs to be
considered in Ref. [56]. The idea of this paper is to use a
geodesic circular orbit instead of a nongeodesic circular orbit
to avoid geodesic curvature terms in deflection angle. To this
end, we will first introduce a geometric approach to derive the
radius of circular orbit of particle in SSS spacetimes. Then,
we will apply the circular orbit and GB theorem to study the
weak deflection effects of particle.
This paper is organized as follows. In Sec. II, based on
Jacobi metric, we apply a geometric method to derive the
radius of circular orbit of particle moving in the equatorial
plane of SSS spacetimes. In Sec. III, we apply the circular
orbit of particle to study the weak gravitational deflection
angle. In Sec. IV, we calculate the weak deflection angle of
particle in two asymptotically nonflat spacetimes. Finally,
we end our paper with a short conclusion in Sec. V. We set
G ¼ c ¼ 1 in this paper.
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m
E ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
1 − v2

ð4Þ

where v is the velocity of particle. Without loss of
generality, we study the motion of particles in the equatorial
plane (θ ¼ π=2). Then, the Jacobi metric becomes




1
B 2 C 2
:
dr
dϕ
−
A
þ
A
A
1 − v2

dl2 ¼ m2

ð5Þ

The orbit equation of a particle moving in equatorial plane
can be written as [45]






du 2 C4 u4 1
1 − v2 1
;
¼
−A
−
dϕ
C
AB b2 v2
b2 v2

ð6Þ

where u ¼ 1=r and b is the impact parameter. Let v ¼ 1; it
leads to the orbit equation of light as follows:





du 2 C4 u4 1 A
:
¼
−
dϕ
AB b2 C

ð7Þ

II. CIRCULAR ORBITS OF A PARTICLE IN SSS
SPACETIMES: A JACOBI METRIC METHOD

B. The circular orbit of a particle
in equatorial plane

A. Jacobi metric

Suppose the circular orbit γ co is defined by r ¼ rco ¼
constant, then, by Eq. (5), we have

The Jacobi metric of curved spacetime is an important
tool for studying gravitational effects. The Jacobi metric of
static spacetime is established by Gibbons [57], while the
Jacobi metric of stationary spacetimes is established by
Chanda et al. [58,59]. In this subsection, we briefly review
Jacobi metric of SSS spacetimes (see Refs. [45,57] for
details). For convenience, we use gij to denote Jacobi
metric and this is followed for the quantities with Jacobi
metric. For a SSS metric,
ds2 ¼ ḡμν dxμ dxν
¼ −AðrÞdt2 þ BðrÞdr2 þ CðrÞdΩ2 ;

ð1Þ




1
dl ¼ m
− 1 Cðrco Þdϕ2 :
ð1 − v2 ÞAðrco Þ
2

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃdϕ2 

:
κðγ co Þ ¼ grr ðΓrϕϕ Þ2
dl r¼rco



B 2 C 2
dr þ dΩ ;
¼ ðE − m AÞ
A
A

0 ¼ Cðrco Þ∂ r Aðrc Þ − Aðrco Þ∂ r Cðrco Þ
× ½1 − Aðrco Þ þ v2 Aðrco Þ:
ð2Þ

where m and E denote the energy and mass of a particle,
respectively, and dΩ2 ¼ dθ2 þsin2 θdϕ2 is the line element
of unit two-spheres. The Jacobi metric reduces to optical
metric as m ¼ 0 and E ¼ 1,
B
C
dl2 ¼ dt2 ¼ dr2 þ dΩ2 :
A
A

ð9Þ

Let κðγ co Þ ¼ 0, by metric (5), the radius of circular orbits
satisfies

dl2 ¼ gij dxi dxj

2

ð8Þ

The geodesic curvature of curve γ co is [45]

its Jacobi metric reads

2

2

One can see that this equation is independent in metric
function BðrÞ. For light (v ¼ 1), one can get
Cðrco Þ∂ r Aðrco Þ − Aðrco Þ∂ r Cðrco Þ ¼ 0:

ð11Þ

When CðrÞ ¼ r2 , this leads to

ð3Þ

The energy of particle at infinity for an asymptotic
observer is

ð10Þ

rco ∂ r Aðrco Þ − 2Aðrco Þ ¼ 0;
which is consistent with Ref. [60].
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C. Example: Circular orbits of a particle
in Schwarzschild spacetime
For Schwarzschild black hole, one has
2M
;
AðrÞ ¼ 1 −
r


2M −1
BðrÞ ¼ 1 −
;
r

FIG. 1. A region D ⊂ ðM; gij Þ. Notice that βR ¼ π − ΨR and
β S ¼ ΨS .

CðrÞ ¼ r2 :
Here and below, we use M to denote the mass of a certain
black hole. Substituting the above metric functions AðrÞ
and CðrÞ into Eq. (10), one can obtain the following
circular orbit radius:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð−1 þ 4v2 þ 1 þ 8v2 ÞM
rco ¼
:
ð13Þ
2v2
For v ¼ 1, it reduces to the radius of circular orbit of light
rco ¼ 3M:

ð14Þ

III. APPLICATION CIRCULAR ORBIT
TO WEAK GRAVITATIONAL LENSING
A. Gauss-Bonnet theorem
Let D be a compact oriented two-dimensional Remannian
manifold with Gaussian curvature K and Euler characteristic
χðDÞ, and its boundary ∂D is a piecewise smooth curve with
geodesic curvature k. Then GB theorem states that [14,61]
ZZ
I
X
KdS þ
kdσ þ
βi ¼ 2πχðDÞ;
ð15Þ
D

∂D

see χðDr0 Þ ¼ 1. In addition, the circular orbit γ co is
perpendicular to the radial lines. Considering the above
facts, applying GB theorem to region D, we can get
ZZ
KdS þ βS þ βR ¼ π:
ð17Þ
D

Using the definition (16), considering βR ¼ π − ΨR and
βS ¼ ΨS , we can obtain the deflection angle as follows:
ZZ
KdS þ ϕRS :
ð18Þ
α¼
D

The expression of deflection angle (18) is applicable to
asymptotically nonflat spacetime, and it also applies to
study the finite-distance effects. More, it is more concise
than in Ref. [56]. However, it should be noted that the
formula (18) is only applicable to the case where circular
orbits of particle exists in spacetime. Finally, the Gaussian
curvature of Jacobi metric can be calculated as [16]
3
2 pﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃ
det g ϕ
det g ϕ
∂
Γ
∂
Γ
rr
rϕ 7
grr
grr
1 6
K ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ 4
−
5:
∂ϕ
∂r
det g

ð19Þ

i¼1

C. The integration of Gaussian curvature

where dS is the area element, dσ is the line element of
boundary, and βi is the jump angle in the ith vertex of ∂D in
the positive sense, respectively.

From optical metric (3), we can get
B
;
A
BC
det g ¼ 2 ;
A
 0

1
C A0
Γϕrϕ ¼
−
;
2 C A
grr ¼

B. Lens geometry
In this subsection, we will use the GB theorem to
study the gravitational deflection of particle. We apply
the definition of deflection angle proposed in Ref. [46],
α ≡ ΨR − ΨS þ ϕRS ;

ð16Þ

where ΨR and ΨS are angles between the tangent of
the particle ray and the radial direction from the lens to
receiver and source, respectively, and the coordinate angle
ϕRS ≡ ϕR − ϕS , presented in Fig. 1.
Now, we consider a region D ⊂ ðM; gij Þ bounded by
four geodesics: a particle ray γ g from source (S) to receiver
(R), particle circular orbit γ co , two spatial geodesics of
outgoing radial lines passing through R and S, respectively.
Due to the fact that D is a nonsingular region, one can

where 0 denotes derivative with respect to r.
Then, by Eq. (19), we have
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Z
K

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
det gdr ¼ −

pﬃﬃﬃﬃﬃﬃﬃ
Z d det g Γϕ
rϕ
grr
dr

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
det g ϕ
¼−
Γrϕ
grr
CA0 − AC0
pﬃﬃﬃﬃﬃﬃﬃ :
¼
2A BC

dr;

ð20Þ
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Note that we ignore the constant of integration here, which
has no effect on the study in this paper. Then, according to
Eq. (11), we have
Z

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K det gdr
¼ 0:
ð21Þ
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du
dϕ

ϕS

Z
¼

rco

ϕR

ϕS

Z


pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K det gdr

dϕ þ ϕRS :

u¼

−

b3 u3S γM
λ þ OðM2 ; γ 2 Þ;
2ð1 − b2 u2S Þ3=2

ð27Þ

bγ
b3 u3R γM
λ
− pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ þ
2 1 − b2 u2R 2ð1 − b2 u2R Þ3=2

In this section, we give two examples as applications of
Eq. (18). In the first example, we study the deflection angle
of light in a SSS spacetime in Weyl gravity model, and we
need to use optical metrics as the background space. In the
second example, we study the deflection angle of particles
in Schwarzschild-like spacetime in bumblebee gravity
model, using the Jacobi metric as the background space.
A. Deflection angle of light in a static
and spherically symmetric spacetime
in the conformal Weyl gravity

þ OðM 2 ; γ 2 Þ:

ð28Þ

In addition, the corresponding optical metric of metric
(23) is
dt2 ¼

dr2
r2 dϕ2
þ
;
2
ð1 − 3Mγ − 2M
1 − 3Mγ − 2M
r þ γrÞ
r þ γr

ð29Þ

with Gaussian curvature

The line element of a static and spherically symmetric
spacetime in the conformal Weyl gravity reads [62]


2M
ds2 ¼ − 1 − 3Mγ −
þ γr − kr2 dt2
r
−1

2M
2
þ γr − kr
þ 1 − 3Mγ −
dr2
r

K¼−

Z

ZZ
KdS ¼

ð23Þ

D

ð24Þ

Using Eq. (7), we can obtain the orbit equation of light in
this spacetime,

γ 2 ð2 þ 3rγÞM 3ð1 þ 2rγÞM 2
þ
:
−
4
r3
r4

ð30Þ

Thus, we have

where γ and k are the constants. For simplify, we choose
k ¼ 0. Substituting metric (23) into Eq. (11), one can
obtain the radius of circular orbits of light as follows:
rco

ð26Þ

ð2 − b2 u2R ÞM
ﬃ
ϕR ¼ π − arcsinðbuR Þ þ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b 1 − b2 u2R

IV. EXAMPLES IN ASYMPTOTICALLY
NON-FLAT SPACETIMES

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
−1 þ 3Mγ þ 1 þ 9M2 γ 2
¼
:
γ

sin ϕ ð1 þ cos2 ϕÞM γ
þ
− þ OðM 2 ; γ 2 Þ;
b
2
b2

ð2 − b2 u2S ÞM
bγ
þ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ϕS ¼ arcsinðbuS Þ − pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 2
b 1 − b uS 2 1 − b2 u2S

r¼rðϕÞ

þ r2 ðdθ2 þ sin2 θdϕ2 Þ;

ð25Þ

which can derive the coordinate angles as

ð22Þ

In the next section, we will use Eq. (18) to calculate the
deflection angles of light and massive particles in asymptotically nonflat spacetimes.

1
− u2 þ 2Mu3 − uγ þ 3Mu2 γ:
b2

¼

We can get its solution by iterative method as follows:

r¼rco

Although we only discuss optical metrics, it is not hard to
believe that this property holds true for the Jacobi metric.
Equation (21) can greatly simplify the calculation of the
deflection angle, because it can reduce Eq. (18) to
Z ϕ Z rðϕÞ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R
α¼
K det gdrdϕ þ ϕRS

2

ϕR

ϕS

Z

rðϕÞ

K

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
detgdrdϕ

rco



6Mð1þrγÞ−rð2þrγÞ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼
dϕ
ϕS
þγr
2r 1−3Mγ − 2M
r
r¼rðϕÞ

Z ϕ 
R
2Msinϕ
þOðM2 ;γ 2 Þ dϕ
−1þ
¼
b
ϕS
Z

¼

ϕR

2MðcosϕS −cosϕR Þ
−ϕRS þOðM 2 ;γ 2 Þ;
b

where we used Eq. (26) and r ¼ 1=u.
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Finally, the deflection angle becomes
ZZ
α¼
KdS þ ϕRS

ϕR ¼

þ λðπ − arcsinðbuR ÞÞ þ OðM 2 Þ;

D

2Mðcos ϕS − cos ϕR Þ
þ OðM 2 ; γ 2 Þ
¼
b
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Mð 1 − b2 u2R þ 1 − b2 u2S Þ
¼
b


uR
uS
− Mbγ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ þ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − b2 u2S
1 − b2 u2R
þ OðM 2 ; γ 2 Þ;

¼ λ½π − arcsinðbuR Þ − arcsinðbuS Þ


Mλ
1
1
þ 2 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ þ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bv
1 − b2 u2S
1 − b2 u2R
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

Mλ
1 − b2 u2R þ 1 − b2 u2S :
þ
b

ð32Þ


2

dl ¼ m

K¼

ð34Þ

The orbit equation is


ð35Þ

ð36Þ

Mð1 − v2 Þ
m2 r3 ½rv2 þ 2Mð1 − v2 Þ3 λ2
ð41Þ

Then, one can obtain the integral of Gaussian curvature
as follows:
ZZ

ð1 þ v2 ÞM½cosðϕλS Þ − cosðϕλR Þ
KdS ¼
bv2
D
ϕ
− RS þ OðM 2 Þ;
λ

ð42Þ

where we used Eq. (36). Finally, the deflection angle is
ZZ
KdS þ ϕRS
α¼

¼ ðλ − 1Þ½π − arcsinðbuR Þ − arcsinðbuS Þ

ð1 þ v2 Þλ − b2 u2R ð1 þ v2 λÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
þ
1 − b2 u2R

ð1 þ v2 Þλ − b2 u2S ð1 þ v2 λÞ M
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
þ OðM2 Þ;
þ
bv2
1 − b2 u2S

ð43Þ

where we used Eqs. (37)–(39). As well, let uS → 0, and
uR → 0 the infinite-distance deflection angle can be
obtained as

ð1 þ v2 − b2 u2S v2 ÞMλ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b 1 − b2 u2S v2

þ λ arcsinðbuS Þ þ OðM Þ;

ð40Þ



ð1 þ v2 ÞM½cosðϕλS Þ − cosðϕλR Þ
1
¼
þ 1 − ϕRS þ OðM2 Þ
λ
bv2

As well, we have

2


λ2 dr2
r2 dϕ2
:
þ
2
ð1 − 2M
1 − 2M
r Þ
r

D

with its iterative solution

ϕS ¼ −



− 6M 2 rð1 − 3v2 þ 2v4 Þ:

þ r2 ðdθ2 þ sin2 θdϕ2 Þ;
ð33Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where λ ¼ 1 þ l with l being the Lorentz violation
parameter. From this, one can see that λ is only included
in the metric function BðrÞ. Therefore, the particle circular
orbit is the same as in the case of Schwarzschild black hole,

sinðϕλÞ ð1 þ v2 cos2 ðϕλÞÞM
u¼
þ OðM 2 Þ:
þ
b
b2 v2

v2
2M
þ
r
1 − v2

× ½8M 3 ð1 − v2 Þ2 − r3 v2 ð1 þ v2 Þ − 3Mr2 v2 ð1 − 2v2 Þ



2M
λ2
ds2 ¼ − 1 −
dt2 þ
dr2
r
ð1 − 2M
r Þ


du 2 2Muð1 − v2 þ b2 u2 v2 Þ
¼
dϕ
b2 v2 λ2


u2 1
2
þ 2
− u þ OðM 2 Þ;
λ b2

2

One can obtain its Gaussian curvature by Eq. (19),

The Schwarzschild-like black hole in bumblebee gravity
model is given as [63]

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð−1 þ 4v þ 1 þ 8v2 ÞM
¼
:
2v2

ð39Þ

Now, we write the corresponding Jacobi metric as follows:

B. Deflection angle of massive particle
in Schwarzschild-like spacetime
in bumblebee gravity

2

ð38Þ

ϕRS ¼ ϕR − ϕS

where we used Eqs. (27) and (28). This result is the same as
that calculated by α ≡ ΨR − ΨS þ ϕRS in Ref. [46] and
R
calculated by α ¼ ∬DR þDS KdSþ PPRS κ g dlþϕRS in Ref. [56].

rco

ð1 þ v2 − b2 u2R v2 ÞMλ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b 1 − b2 u2R v2

ð37Þ
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Equations (43) and
R (44) agree with that calculated by
α ¼ ∬∞R □∞S KdS þ SR kg dσ þ ð1 − 1λÞϕRS in Ref. [52].

deflection of particle in asymptotically nonflat spacetimes.
In particular, we show that
Z

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K det gdr
¼ 0;

V. CONCLUSION

r¼rco

In this paper, we have introduced a geometrical method
to study the circular orbit of a particle moving in SSS
spacetimes. On the other hand, we used the circular orbit to
investigate the weak gravitational deflection of null and
timelike particles. By applying the GB theorem to a finite
area surrounded by four geodesics such as partial particle
circular orbit, we obtain a new expression of deflection
angle as follows:
ZZ
α¼
KdS þ ϕRS :

where we ignore the constant of integration. It is very
beautiful, and in practice, it can simplify the calculation of
the deflection angle. In addition, we apply our proposed
formula to calculate the weak gravitational deflections of
light in an SSS spacetime in Weyl gravity and the deflection
of massive in a Schwarzschild-like spacetime in bumblebee
gravity, respectively, and the results are consistent with the
previous literature. Finally, it will be our future work to
extend present method to stationary spacetimes.
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