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Abstract In the present paper we explore the Hawking radiation as a quantum tunneling
effect from a rotating 5 dimensional Myers-Perry black hole (SD-MPBH) with two inde-
pendent angular momentum components. First, we investigate the Hawking temperature
by considering the tunneling of massive scalar particles and spin-1 vector particles from
the 5D-MPBH in the Painlevé coordinates and then in the corotating frames. More specif-
ically, we solve the Klein-Gordon and Proca equations by applying the WKB method and
Hamilton-Jacobi equation in both cases. Finally, we recover the Hawking temperature and
show that coordinates systems do not affect the Hawking temperature.

Keywords 5-D Myers-Perry black hole - Qunatum tunneling - Klein-Gordon equation -
Proca equation

1 Introduction

In 1974, Stephen Hawking suggests black holes cannot be completely black, and instead
due to the quantum effects or quantum fluctuations they evaporate [1]. Hawking discovered
that if a quantum fluctuation takes at the event horizon, then, due to the quantum tunneling
effect one of the virtual particles can be produced just inside the black hole, and the other
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particle outside the black hole. The particle produced inside the black hole will have a
negative energy, this causes the black hole to lose mass and shrink over time and eventually
after a very long period of time completely evaporate and disappear. On the other hand, the
particle produced outside the black hole will have positive energy and can be detected by an
observer as a real particle at infinity.

After this amazing discovery, calculation of the Hawking radiation from different types
of black holes with various methods become hot topics [3-9]. Recently, it has been specu-
lated that the Hawking radiation and its entanglement in an analogue black hole has been
observed [2]. However, this result is debatable and needs more confirmation by other exper-
iments. Furthermore, previously, the Hawking radiation of scalar bosons, spin-1 vector
particles, spin-2 particles, spin-3/2 particles of different types of black holes and wormholes
are studied [10-38].

On the other hand, Hawking radiation from higher—dimensional black holes has attracted
a lot of attention. For example, Hawking radiation from a rotating SD-MPBH with two
angular momentum components was investigated in Refs. [39, 40], quantum anomalies
in SD-MPBH [41], Hawking radiation of Dirac particles from a charged 5SD-MPBH was
investigated in [42—45], and recently the tunneling of Dirac particles under quantum grav-
ity effects from SD-MPBH with a single non-zero angular momentum was studied in [46].
However, vector particles play a fundamental role in particle physics, for example, recently,
there was an attempt to explain the origin of dark energy from a massive photon [47]. In
Refs. [48, 49] a massive photon or the so-called Darklight was studied to explain the origin
of dark matter.

Inspired by this, in this paper, we calculate the Hawking temperature of scalar bosons
and spin-1 vector particles tunneling across the near horizon of the black holes using the
Hamilton-Jacobi method. In particular, we use the quantum tunneling method to study the
Hawking radiation from a rotating SD-MPBH with two angular momentum components of
massive scalar/vector particles. Furthermore, we will aim to solve the problem by using dif-
ferent coordinates. Firstly, we will use the Painlevé coordinates and then we will eliminate
the rotating degrees of freedom and introduce an appropriate coordinate transformation to
the co-rotating frame [40].

The organization of this paper is as follows. In Section 2, we introduce the rotating
5-dimensional Myers-Perry black hole (SD-MPBH) and in Section 3, we investigate the
tunneling of massive bosons and spin-1 particles from the 5D-MPBH in the Painlevé coor-
dinates. The tunneling of massive bosons and spin-1 particles from the 5SD-MPBH in the
corotating frame is studied in Section 4. Section 5 is devoted to our conclusion.

2 Rotating 5-Dimensional Myers—Perry Black Hole

A rotating SD-MPBH in D = 2n + 1 4+ € (¢ = Oorl) dimensions, with multiple
nonzero angular momentum parameters, can generally be written in the following form
[39, 40]

n
ds? = — df* + er?de?® + Z:(r2 + a,-z)(dui2 + M,Zd¢52)
i=1

r2p2—e 1 : nFr
0 0 2d b 2
+ 07 dr —;al,ui doi | + - —rgrz—f dr (1)
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where
" a?u?
F=1- i @)
pari e
and
n
m=]]e*+ah. 3)
i=1
Moreover u; and « are related as
n
Y uitear=1, O<p <), (-l<a<l). )

i=1
A rotating black hole in D = 5, rotates in each ¢;—direction, so there are (D — 1)/2

angular momentum components. Next, let us introduce pu; = cosf, up = siné, ¢; = ¢,

and ¢» = ¥; then we end up with the following metric:

022

ds? =g, dx"dx" = — di? + Tdr2 + p2d6% + (% + a?) sin® 6 o>
2,32 2 2, 70 ) 2 2

+ (r“+4b”) cos” 0 dyr +— (dt — asin” 0d¢ —b cos Qd\b) , (5

0

where
p2 =r2+a’cos’ 0 +b? sin20, A= (r2 —i—az)(r2 +b2) — rgrz, ay=a, ap=>b. (6)
Note that rq is length parameter connected with the black hole mass M by
M- 31’02
8J7G’
where G is (4 + 1) dimensional gravitational constant. On the other hand the parameters a

and b are associated with its two independent angular momenta, respectively.
Solving g"" (r4+) = 0 one can find the relation for the event horizon given by

1
ri:E[5—az—bZ:I:\/(rg—az—b2)2—4a2b2i|. ()
We can now choose a new coordinate frame, co—rotating with the black hole horizon, to
eliminate the dragging motion on the rotating degrees of freedom of a tunneling particle by
using the following coordinate transformations

)

dg = dg + Qudr, dyr = dyf + Qpdr, ©)
in which the corresponding angular velocities at the horizon are given by
Q=2 1t (10)
“T g2 PT a g
Then the metric (5) reads
252 réa®sin® 0 -
ds? = — Gy (r 0, ¢, ¥) >+ %dﬂ + p2d0% + |:(r2 +a?) + 0T | sin? 6 4@
0
272 o2 2
rgb* cos” 0 ~ 2abr, .
+ |:(r2 +b%) + 02} cos? 0 dy? + 0 sin” 0 cos? 6 dg dir an
0
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where

Gu(r,0,0,%) = g1t — 8662 — &y + 2816 + 281y U — 286y Q. (12)

Note that in the coordinate frame which is co-rotating with the event horizon g,; =
Sty — 84i00; %) should be zero at the horizon. i.e., 814, (r+) = 0 [40]. By taking this into
account Eq. 12 simplifies to

G (ry) = gu + 8192 + 81y 2, (13)
in which
r’p*(r)
= , 14
8rr NG (14)
2
’
gn=1--9, (15)
0
arg sin? 6 (16)
8tp = — 5
té 2
brg cos?
gy = g a7

The Hawking temperature of the rotating 5-D MPBH in the units kg = c =G =h =1
can be computed as follows [39, 40]

K(ry) i /G 0,11 —2r5r

Ty = = lim = 3
27 r—ry 27 /8rr drrgr?

(18)

3 Quantum Tunneling in Painlevé Coordinates
3.1 Tunneling of Vector Particles

The particle being emitted by the black hole should not depend on some fixed azimuthal
angles (8o, ¢o, Vo). If we introduce the following Painlevé coordinate transformation into

the Eq. 11
, 00, $o. -1
df = dT — &rr (r, 80, do, Y0) ar. (19)
Gy (1, 0o, $o. Vo)

then keeping in mind that for a fixed angles in the co-rotating frame the tunneling particles
should satisfy d¢ = dyy = 0, we find the following metric [40]

ds? = —F(r)dT? 4+ 2/ F(r)yH(r) — 1drdT + dr? (20)

in which T is the Painlevé coordinate time and
F(r)=Gyu(r), H(r)= g (r). 2D

The motion of a massive vector particle, described by the vector field W#, can be studied
by the Proca equation (PE), which reads [15-20]

1 m?
Nl («/—G \W”> - =0, 22)
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where G = det G, = FH and
W = 0, W, — 3,0, (23)

The PE equation in the spacetime metric (20) can be solved by applying the WKB
approximation method which suggest that

v, =C,(T,r)exp (% So(T,r)y+hS1(T,r)+... .)> . 24)

Furthermore by considering the spacetime symmetries of the metric (20), the following
ansatz for the action can be chosen

So(T,r)=—ET+ R(r), (25)

in which E is the energy of the particle. We can now insert Eq. 24 into the Eq. 22 and keep
only the leading order of h. Hereinafter, we have two differential equations:

(—VFmVHE=T+ER)CI (R +m?)Cy
J’_

=0, (26)
FH FH
(cFm?+ B¢, |EVFRVE=T—VFn(H - D] C;
+ =0 (27)
FH FHVH — 1
With the non-zero elements of the matrix M:
—Fm*J/H =1+ ER’
M = (28)
FH
(R/)2 + m2
M = ———, 29
12 FH (29)
N —Fm?*+ E? 30)
21 = FH ,
EVFRVH —1—Fm?(H — 1)
My, = (31)
FHVH — 1
Solving the determinant
detM(C, C)T =0, (32)

we find the following equation

m? <F3/2H«/H “Im? — F32YH—1(R)?+ E2VFVH—1+2EFR'(H— 1))

— =0.
H2F3/2/H —1
(33)
Let us now solve this equation for the radial trajectories to get the following integral
EVH—1 HNE? —m?F
Ri(r) = / L YH i (34)
VF VF

In order to calculate the tunneling rate, one faces the well known factor-two problem (see
for example [50-54]). The right way to solve this problem is to consider first the invariance
under canonical transformations given as § p,dr = [ p;"dr— [ p;dr. We can first calculate
the spatial contribution of the imaginary part of Im R(r). To do so, first we note that there
is a pole at the horizon r = ry of the Eq. 34, since F(r;) = 0 and H(ry) = 0, where
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we have used the relation H = H~'. Thus if we shift the pole into the upper half plane
ry — r4 + i€ and take the imaginary part of Eq. 34 we find

, EV1—H+VE> —m2F
Im ¢ p,dr = lim {Im
€0 VH (ry, 00, o, Yo) F'(r4, 6o, do, o) (r — ry. ilf)
(35)
where we have used the relation p, = 9, R. Furthermore the above equation can also be
written as

't EN1—H+VE2—m?F
Im%p,dr = hm
VH (re) F'(ry) (F—F++l€)

i EN1—H— EX—m2F “

(36)

r VH r ) F(ry)(r —ry —ie)

The physical meaning of this integral is that it gives the total spatial contribution and
that’s why we are calculating for a round trip. One can immediately observe from the last
equation that there is no contribution to the imaginary part from the second term. However
this is not a surprising result since we are using Painlevé coordinates and we know that the
particle experiences barrier only from inside the horizon to outside and not the other way.
Now we make use of the equation

1
Iim Im—— =7d(r — ry). 37
GE)% mr—r+:|:i€ o —re) 37)

For the imaginary part of the first term we find
I f d 2 (38)
m pdr = —v=—xo-—
VH (r)F'(ry) ’(r+)

Now we have to calculate the temporal contribution. From Eq. 19 the Painlevé coordinate
time reads

V1 =H(r, 60, o, ¥o)
VH(r, 60, do, Yo) F(r, 60, ¢o, ¥o)
Substituting this result into the action (25) gives

V1 =H(r, 6. ¢o. ¥o)
VH(r, 80, do. Yo) F(r, 60, b0, ¥o)

Therefore for the temporal contribution we find

T =14 dr. (39)

So(T,r) = —Et — E

dr + R(r).  (40)

4 E
Im(EATiny = - "2 (1)

VH (r) F'(ry)

According to Akhmedova et al [S0-53], we can find the resulting tunneling rate by
putting all these results together

r

exp [% <Im(EAT”“’) +Im(EAT™) — Imﬁ'g b ’dr>] )

47 E
_ L 43)
exp( J’H/(u)F/(u))
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And finally we can find the Hawking temperature by comparing the latter result with the
Boltzmann formula I'z = ¢~ £/7H and setting the Planck constant to unity to get

1y = YHEIT ) w

On the other hand, if we consider the expansions of H(r) and F(r) in Taylor’s series
near the horizon given as [40]

9,11 — 2r§r
H(F)ZT (r_r+)+. (45)
rep
r=r+
0,11 — 2r2r)r2p?
F(r) = — r—r)+... (46)
ror -

We recover the correct Hawking temperature for the SD-MPBH given by

8 T1 —2r2ry
Th =~ ot @)
47tr0rJr

As expected, this result is in agreement with Eq. 18.
3.2 Tunneling of Scalar Particles

Let us now consider the Klein-Gordon equation in curved spacetime metric (20) for a
massive scalar field ® given as follows

1 v m?
Nl (vV=GGma,0) - =0, (48)

In which we have used G = detG,, and m is the mass of the scalar particle. This
equation can be solved by using the semiclassical WKB approximation which allows us to
choose the following ansatz for the scalar field:

O(T,r) =exp (%S (T, r)), 49)

where S(T', r) is the classically forbidden action for the tunneling. Inserting the above scalar
field @ into the Eq. 48 we end up with the following expression:

1 1 VvH—1
—— (07 50)> = —(8,80)% + 2~——(8,S0) (07 S 2, 50
FH(TO) H(r0)+ ﬁH(ro)(To)-Fm (50)
Choosing the action as (25) and solving for the radial part we get
1 1 vH—1
—E*>=—,R)?>—-2EX—— (@R 2, 51
FH H(r ) JTH (0 R) +m (5D

From where one can obtain the same result for the radial part as in the last section

JH — 22
R:I:(I’)=/<E H liﬁE mF)dr

52
JF NG 62
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And we recover the same Hawking temperature of scalar particles

_8,H—2r§r+ 53
- 9
0"+

4 Quantum Tunneling in the Corotating Frame
4.1 Tunneling of Vector Particles
We have shown in the first section that we can eliminate the frame dragging effects on the

tunneling particle by introducing the corotating frame. If we drop the tilda notation in the
metric (11) we find

ds’> = — F(ry, 0)dt> + H(ry, 0)dr? + K (ry, 6)d6>
+ M(ry,0)dg? + N(ry, 0)dy? + 2P (ry, 0)dg dy, (54)
in which
F@ry,0) = gu + 8¢ + 81y, (55)
2.2
ripc(ry)
H(r.,0) = — 2, 56
(ry, 0) AL (56)
K(ry,0) = p*(ry), (57)
5 2 rga2 sin? 6 .9
M(ry.0) = | (1} +a%) + 2—— | sin®0, (58)
o
By ) rgb2 cos2 6 2
N(ry,0) = (r_‘_—l—b)—l—i2 cos”“ 6, (59)
0
abrg .9 )
P(ry,0) = —— sin 0 cos” 0, (60)
0

Let us now recall again that the PE of the vector field W#, in the spacetime metric (54)
reads

1 v m? v
g («/—G Wi ) — =0, 61)

where this time G = detG,, = HKF(MN — P?). We apply the same method, namely,
we consider the WKB approximation method

v, =C,(t,r,0,¢,¥)exp <% So(t, 1, 0,0, 9)+hS1(t,7,60,0,¢)+ ... .)) . (62)

Taking into the consideration the symmetries of the metric (54) given by three corre-
sponding Killing vectors (3/9;)*, 3/0¢)" and (3/3y )", we may choose the following ansatz
for the action

S()(ta r, 97 ¢9 W) = _(E - (]Qa +l§2b))[ + R(r! 6) + .]¢ +lw7 (63)
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in which E is the energy of the particle, and j and / are the angular momentum of the
particle corresponding to the angles ¢ and v, respectively. If we now insert the Eq. 62 into
the Eq. 61 and keep only the leading order of & we find the following set of five differential
equations:

_EROC  E@ROIC [(uli — 1E 1200 P + EjN] €3

0
FH FK FC
[(Qajz—l—(lQb—E)j)P—i-lEM] Cs
+
F¢
N [Ht @R+ K (((R)?+H(—m?P2=2jIP+(Nm>+1>)M+ j>N))] Cs )
FHCK :
[—F§(39R)2+<(m2F—Ez)P2 + 2leP—|—((—m2F+E"2)N—F12)M—FNj2> K] fof
0= FHCK
(3 R)R'C: (Nj—IP)R'(rCs (IM — jP)R'(r)Cs ER'Cs
e e + e + (65)
o_ R@RC
~  HK
[—F;(BQR)z—l—((sz — E2)P2+2leP+((—m2F+E)N—F12)M—FNJ'2) H] o
+ HFCK
(Nj—IP)(@3R)C3 (IM — jP)(@R)Cs E(@R)Cs 66)
K K FK ~
o_ Wi —IP)RCI  (Nj=IP)3RICs
B ¢H cK
[—FHN(Z)(;R)Z—i—(—FN(R/)Z—l—H((—sz—i-Ez)N—Flz)) K] o
+ (HKF
[FHP(E)g R)2+(FP(R’)2+H((m2F7EZ)P+Fjl)) K:| Cs
+ (HKF
EGN-IP)Cs )
CF
0— (Ml — jP)(R)C;  (Ml— jP)(@R)C,
B CH CK
[FHP(B(; R+ (FP(R’)2 + H(m2F — EYP + sz)) K] o
+ CHKF
[—FHM(agR)2 n (—FM(R/)Z + H((—m*F + E)M — Fj2)) K] Cs
+ (HKF
L EaM - jP)Cs )

¢F

@ Springer



1734 Int J Theor Phys (2017) 56:1725-1738

inwhich ¢ = MN — P2 and E = E — (j 2, +[$2). From this set of five equations we can
construct a 5 x 5 matrix R, which satisfies the following matrix equation

R(Cy, C, C3,Cq, C5)T =0, (69)

Using the last equation we find the following non—zero matrix elements:

S e ER'(r)
11 = 25 = FH )
E(3R(r))
N = N = —
12 35 FK 5
. (Qlj—I(E—Ip)P+EjN
13 = F{ s
N _ (Qj*+UQ—E)j)P+EIM
14 = F{ s
H(3R)?+K (¢(RN?+H(—m?P2=2jlP+(Nm>+1*>)M+ j*N))
- FHCK ’
—F;(agR)Z—I—((mZF—Ez)P2+2leP—I—((—m2F+Ez)N—FZZ)M—Fsz) K
Ny = ,
2 FHCK
6 — e GORIR
22 = N31 = HK s
Nj—IP)R'(r
N23=N41=7( / ) (),
Hg
(IM — jP)R'(r)
Nog = N5 =J—,
Hg
—F;“(agR)2+((sz—EZ)P2+2leP+((—m2F+E)N—Flz)M—FNj2> H
N3 = ,
32 HFCK
(Nj —1P)(3R)
Ny =Ryp=-—’t 207
33 42 ;K
(UM — jP)(R)
Ny = Rgp = — = 20
34 52 {K
_FHN@y R+ (—FN(R’)2+H((—m2F+E2)N—F12)) K
Ry3 = ,
“ CHKF
FHP(B@R)Z—F(FP(R’)2—I—H((sz—EZ)P—I—Fjl)) K
Nyq = Ns53= )
(HKF
E(jN—IP)
Ngs = —————
¢F
—FHM(agR)2+(—FM(R’)2+H((—m2F+E2)M—sz)) K
N =
> (HKF
E(IM—jP)
Nys = ————.
¢F
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If we solve det® = 0, we get the following result

[fHF{(Bg RZ+K <7F§(R’)2+H(((fm2F+E)N7F12)M7FNj27P((fszJrE")PfZFjl)))T m?
HS FS{S KS
=0. (70)

We solve for the radial part to get the following integral

R(r)==% / .
H () F'(ry)

(Nj2+MI2-2Pjl)+

(3 R)?
K

X\/(E_(jgza-HQh))z—F(r) [m2+ ]dr. (71)

MN—P?

We can now calculate the Hawking temperature. To do so we can fix the angle 6 = 6,
after that as we know we have to carry out first the spatial part contribution to the imaginary
part of Im R(r) and then the temporal part contribution. The spatial part contribution can be
easily found if we solve the last integral using (37) which leads us to the following result

nE
VH (ry, 60, do, Y0) F'(r+, 60, b0, o)

Therefore the spatial contribution to the tunneling rate gives
1 1
exp (—ﬁlm% prdr> = exp [—ﬁlm </ prdr — f pr_dr>] (73)

— exp (— 2 E ) 74)
VH (4, 60, $0, Vo) F'(r+, 6o, ¢0, ¥0) )

The temporal part contribution comes due to the connection of the interior region and the
exterior region of the black hole. Thus, if one introduces t — ¢t — iz /(2«), one will have
Im (EAfoiny = —_Ex /(2k). Then the total temporal contribution for a round trip can be
calculated as

ImR.(r) = +

(72)

- . E
Im(EAromniny = -T2 (75)
K
where the surface gravity is given as follows [40]
oV F
k = lim ’7(”. (76)
SEINGIT)
Then Eq. 75 takes the form
s : 2nE
Im(E Ay = — il . a7
\/H/(r-'ra 905 ¢07 '(/IO)F/(T+, 905 ¢07 1//0)
The resulting tunneling rate is calculated as
1 - -
' = exp [ﬁ (Im(EAt"’”) + Im(EA") — Im%p,dr>i| (78)
4nE
=exp|— il . (79)
VH (r+, 60, do, Y0) F'(r+, 60, b0, Yo)
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Comparing this result with the Boltzmann factor e ~£/7# | one gets the correct Hawking
temperature (18)

8 I1 —2r2ry
" e @0
0"+

4.2 Tunneling of Scalar Particles

The Klein-Gordon equation in curved spacetime metric (54) for a massive scalar field ¢
reads

1 J=G G m?
ﬁau( GG 8U<D)—ﬁd>:0. 1)

We can apply the semiclassical WKB approximation for the scalar field ® as follows

®(t,1,0,¢,¥) =exp (%S t,r6,9¢, w)>. (82)

Then we recover the following equation

l(a $)?2 = i(a $)? + i(a $)? + (955)2
Fo H K" MN — p2°%
M R ,
v — O Ty —pr DO (B

Furthermore, we can choose the same form of the action as in the last section
So(t,r, 0,0, %) = —(E — (jQu +1Qp))t + R(,0) + jo + 1. (84)

Substituting this action into the Eq. 83 yields

L E = (120 +192)% = (R + ~ @R + ——

F a H K MN — P2

Mo, 2P
[

+ —
MN — P2 MN —

Sail+m. (85)

Solving for the radial part is not difficult to show that

R(r) :j:/ -
H (ry) F'(ry)

(89 R)?
K

(Nj2+M2=2Pjl)+ ]dr. (86)

1
X\/(E(.iQu+IQb))2F(r) |:m2+m

In other words, we have shown that the same black hole temperature can be recovered in
the co-rotating frame

8 I1 —2r2ry
H=— (87)
dwryry

We therefore conclude that the Hawking temperature for SD-MPBH is independent of
the selected coordinate system.
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5 Conclusion

In this paper, for SD-MPBH which has multi-rotation parameters, our results fill in the gap
existing in the literature applying the Hamilton-Jacobi tunneling method. We have inves-
tigated the tunneling effect of the SD-MPBH with two independent angular momentum
components using the Hamilton-Jacobi method. Furthermore we have calculated the effect
of the rotation on the Hawking radiation of scalar particles and spin-1 vector particles from
the 5SD-MPBH. Firstly, we have calculated the Hawking temperature of massive vector and
scalar particles from the 5SD-MPBH in the Painlevé coordinates and then in the co-rotating
frame by applying the WKB method and Hamilton-Jacobi equation.

The original Hawking temperature of the SD-MPBH is impeccably obtained in the both
coordinate systems in full agreement with [39, 40]. Hence the main result is that the Hawk-
ing temperature is independent of the selected coordinate system. Our future project is to
investigate the possible role of quantum horizon fluctuations on the Hawking radiation [55].
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