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a b s t r a c t

In this paper, we apply the topological method to the various
black holes to derive their Hawking temperature. We show
that the this method can easily be employed to compute the
Hawking temperature of black holes having spherically sym-
metric topology. Therefore, we conclude that the topological
method provides a consistent formula to achieve the Hawking
temperature.

© 2020 Elsevier Inc. All rights reserved.

1. Introduction

Before Hawking, the black holes were thought to be just like the vacuum cleaner that sucked
everything inside the universe. Black holes are very intense objects, so even light cannot escape from
it. Fortunately, Hawking came an idea that [1] something does escape a black hole: radiation. This
became the one of the most important discovery of Hawking and the equation is named for him:
Hawking radiation. His works [1,2] merged two different theories such as quantum mechanics and
general relativity. Afterwards, various methods [3–10] have been proposed to obtain the Hawking
radiation. For example, Hawking and Gibbons derived the Hawking temperature using the Euclidean
path integral for the gravitational field [10]. Then, Wilczek and Parikh showed that it is possible to
derive the Hawking radiation via a quantum tunnelling process [6]. This phenomenon gained a lot
of attention and has been applied on different compact objects such as black holes, wormholes,
black strings, and cosmic strings (see for example [11–37]).
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Recently, Robson, Villari, and Biancalana have shown that Hawking temperature of a black
hole can also be topologically derived [38,39] such as obtaining the entropy of the black hole
from topology [40–43]. The topological method is based on the Gauss–Bonnet theorem and the
Euler characteristic, which are invariants of the topology. In the topological method, one uses the
Euclidean geometry of the 2-dimensional spacetime (by applying the Wick rotation [3]) to derive
Hawking temperature without losing any information of the 4-dimensional spacetime. In fact, the
lower dimensional base is a playground for the holography and the stored information.

In this work, we shall apply the topological method to various spacetimes of black holes
such as dyonic Reissner–Nordström black hole, Schwarzschild-electromagnetic black hole, quantum
corrected black hole, Schwarzschild-like black hole in a bumblebee gravity model and linear dilaton
black hole. For this purpose, first we briefly review the topological method in the following section.

2. Computation of Hawking temperature via Gauss–Bonnet theorem

The topological method computes the black hole temperature in a simple way via the
2-dimensional Euler characteristic and the Gauss–Bonnet theorem [38,39]. To understand the
formalism of this method, let us first consider the following 4-dimensional spherically symmetric
and static black hole metric

ds2 = −f (r)dt2 +
1

f (r)
dr2 + r2dθ2

+ r2sin2θdφ2, (2.1)

which recasts in the following 2-dimensional Euclidean Schwarzschild coordinates via the Wick
rotation (τ = it) and θ =

π
2 :

ds2 = f (r)dτ 2
+

1
f (r)

dr2. (2.2)

One can easily compute the Ricci scalar of the above metric as

R = −
d2

dr2
f (r) . (2.3)

The topological formula for the Hawking temperature of the above two-dimensional black holes
is given by

TH =
h̄c

4πχkB

∑
j≤χ

∫
rhj

√
gRdr, (2.4)

where h̄ is the Planck constant, c denotes the speed of light, and the Boltzmann’s constant is
represented by kB. Moreover, Ricci scalar R is only the function of the ‘spatial’ variable r , g is the
Euclidean metric determinant, rh stands for the horizon with jth Killing horizon, and χ denotes the
Euler characteristic of Euclidean geometry. Besides,

∑
j≤χ shows the summation over the Killing

horizons. From now on, without any loss of generality, we set the all physical constants to unity to
simplify the formulae and metrics.

3. Hawking temperature of Dyonic Reissner Nordström black hole

In this section, we shall apply the method defined in previous section to the 4-dimensional
dyonic Reissner Nordström black hole (DRNBH) [29,44,45]. To this end, we shall first consider the
2-dimensional DRNBH:

ds2 = −f (r)dt2 +
1

f (r)
dr2, (3.1)

where

f (r) = 1 −
2M
r

+
Q 2

+ P2

r2
, (3.2)



A. Övgün and İ. Sakallı / Annals of Physics 413 (2020) 168071 3

which admits the following event horizon:

rh = M ±

√
M2 − Q 2 − P2. (3.3)

By using the Wick rotation, we turn the Riemannian metric (3.1) of DRNBH to the Euclidean
spacetime:

ds2 =

(
1 −

2M
r

+
Q 2

+ P2

r2

)
dτ 2 (3.4)

+
1(

1 −
2M
r +

Q 2+P2
r2

)dr2.

By following [38] and knowing that 2-dimensional Euclidean spacetimes have topology of R2 and
Euler characteristic χ = 1 [40], we utilize the formula (2.4) to get the Hawking temperature of the
DRNBH. So, we have

TH =
1
4π

∫
rh

√
gRdr, (3.5)

in which g = 1 and the Ricci scalar of the DRNBH:

R =
4M
r3

−
6(P2

+ Q 2)
r4

. (3.6)

After evaluating the integral (3.5), we get the temperature of the DRNBH as:

TH =

√
M2 − Q 2 − P2

2π
(
M +

√
M2 − Q 2 − P2

)2
,

(3.7)

which is fully in agreement with the standard Hawking temperature result (TH =
κ
2π ) of the

DRNBH [29].

4. Hawking temperature of Schwarzschild-electromagnetic black hole

For the line-element (3.1), the metric function for the Schwarzschild-electromagnetic black
hole [46] reads

f = 1 −
2M
r

+
M2

(
1 − a2

)
r2

. (4.1)

Schwarzschild-electromagnetic black hole possesses a Killing horizon related to the time-isometry
and its horizon is located at

rh = M(1 + a). (4.2)

Using the topological formula (3.5) with the Ricci scalar of the Schwarzschild-electromagnetic
black hole:

R = 4
M
r3

− 6
M2

(
−a2 + 1

)
r4

, (4.3)

We get the temperature of the Schwarzschild-electromagnetic black hole from the topology as
follows:

TH =
1
4π

2a
M(a + 1)2

, (4.4)

which is nothing but its Hawking temperature [47].
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5. Hawking temperature of Reissner Nordström-like black hole with quantum potential

The metric function of the Reissner Nordström-like black Hole with quantum potential for the
Euclidean spacetime (3.1) is given by [48]:

f (r) = 1 −
2M
r

+
h̄η
r2

, (5.1)

where η is a constant. The event horizon of this black hole is located at

rh = M ±

√
M2 − ηh̄, (5.2)

and its Ricci scalar yields

R = 4
M
r3

− 6
hη
r4

. (5.3)

After substituting Eq. (5.3) into the integral (3.5) and in sequel making a straightforward
computation, one gets the temperature of the black hole as follows

TH =

√
M2 − ηh̄

2π
(√

M2 − ηh̄ + M
)2 . (5.4)

The result obtained in Eq. (5.4) perfectly fits with the value of the Hawking temperature given
in [48].

6. Hawking temperature of Schwarzschild-like black hole in bumblebee gravity model

The asymmetric metric functions of Schwarzschild-like black hole in the bumblebee gravity
model (i.e., an exact vacuum solution from the gravity sector contained in the minimal standard-
model extension) are given by [49]:

gtt = 1 −
2M
r

, (6.1)

and

grr = (1 + ℓ)
(
1 −

2M
r

)−1

(6.2)

where l is a constant and known as the Lorentz violating parameter [49]. The event horizon of this
black hole is nothing but the event horizon of the standard Schwarzschild black hole: rh = 2M and
it has the following Ricci scalar:

R =
4M

r3 (1 + l)
. (6.3)

Employing the formula of (3.5), we obtain the temperature of the Schwarzschild-like black hole in
the bumblebee gravity model:

TH =
1

8Mπ
√
1 + l

, (6.4)

which is exactly equal to its standard Hawking temperature [49].

7. Hawking temperature of linear dilaton black hole

The 4-dimensional line-element of the static, spherically symmetric but non-asymptotically flat
linear dilaton black hole is given by [50,51]

ds2 = −
r − b
r0

dt2 +
r0

r − b
dr2 + r0r

(
dθ2

+ sin2 θdφ2) , (7.1)
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where b = 4M (M: quasilocal mass), r0 =
√
2Q (Q : background electric charge), and the event

horizon is rh = b. Since the topology of the linear dilaton spacetime (7.1) is different than the
Schwarzschild family of black holes. Thus, the formula for having the black hole temperature in
4-dimensional Euclidean spacetime becomes [39]:

TH =
1
4π

∫
dr

√
g

(
K1 − 4RabRab

+ R2) , (7.2)

where(
K1 − 4RabRab

+ R2)
=

b
r3r02

. (7.3)

Ricci scalar of the 4-dimensional linear dilaton black hole can be computed as follows

R =

(
r − b
2r2r0

)
. (7.4)

Then, substituting Eq. (7.3) into Eq. (7.2), we obtain

TH =
1

4πr0
. (7.5)

It is worth noting that the temperature of the linear dilaton black hole is independent of the mass
parameter b. In fact, as can be seen from Eq. (7.5), the temperature depends only on constant r0,
which means that these black holes radiate isothermally [31,32].

Alternatively, Charles W. Robson and Fabio Biancalana [38,39] have very recently proven us (in
accordance with the fruitful discussion between us) that one gets the same answer from the 2-
dimensional Euclideanised spacetime from the following way. If we first divide the metric overall
to r/r0 and suppress the spherical part, we get

ds2 =
r(r − b)

r20
dt2 +

r
(r − b)

dr2. (7.6)

To find the temperature of linear dilaton black hole, we employ Eq. (2.4) and obtain

TH =
1

4πχ

∫
rh

√
g|R|dr =

1
4πr0

, (7.7)

in which
√
g =

r
r0

and the Ricci scalar of the Euclideanised linear dilaton black hole spacetime:

R = −
b
r3

, (7.8)

where the Euler characteristic used in Eq. (7.7) is χ = 1.

8. Conclusions

In this paper, we have used the topological method, which considers the topological fractions
together with the Gauss–Bonnet theorem. Then, we have applied the this method different space-
times including the non-asymptotically flat ones. This new approach shows that Hawking radiation
possesses a topological effect coming from the Euler characteristic of the spacetime. The Ricci
scalar of the spacetime encodes all the information about the spacetime, so that it, with the Euler
characteristic of the metric, enables us to derive temperature of the black hole.

To support the use of the topological method by samplings, we have derived the temperature
of dyonic Reissner–Nordström black hole, Schwarzschild-electromagnetic black hole, Reissner–
Nordström-like black hole with quantum potential, Schwarzschild-like black hole in a bumblebee
gravity model, and the linear dilaton black hole. Hence, we have verified the reliability of the method
on different spacetimes. Hence, this new formula will break ground in this area.

The cylindrical spacetimes have different topology than the spherical ones. The application of
the topological method on the black strings may reveal more information compared to the present
case. This is the next stage of study that interests us.
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