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Abstract. In this paper, we investigate the tunneling process of charged massive bosons w* (spin-1 par-
ticles) from noncommutative charged black holes such as charged RN black holes and charged BTZ black
holes. By applying the WKB approximation and by using the Hamilton-Jacobi equation we derive the tun-
neling rate and the corresponding Hawking temperature for those black holes configuration. Furthermore,
we show the quantum gravity effects using the GUP on the Hawking temperature for the noncommutative
RN black holes. The tunneling rate shows that the radiation deviates from pure thermality and is consistent
with an underlying unitary theory.

1 Introduction

Hawking’s amazing discovery that black holes should radiate thermally, undoubtedly, remains one of the most inter-
esting results in physics. Basically, Hawking used semiclassical arguments and showed that black holes must radiate
thermally just as a black body [1]. Furthermore, due to the thermal nature of this radiation, the initial pure state is
mapped to a final mixed state in a nonunitary process which leads to the famous information loss paradox.

Over the years, people were able to derive the Hawking temperature by applying different techniques and meth-
ods [2]. Among others, the quantum tunneling has attracted a great interest. The so-called null geodesic approach,
introduced and developed by Kraus-Wilczek-Parkih [3-8] and the Hamilton-Jacobi approach proposed and developed
by Angheben-Padmanabhan [9-11]. A great number of different black hole configurations have been studied in details
showing that the Hawking temperature does not depend on the particular coordinate transformation we use and the
nature of the particles being emitted from black holes. In particular, the tunneling of scalar particles [12,13], spin-1/2
particles [14-17], spin-3/2 [18,19] and spin-1 particles [20-26], have been successfully investigated. Furthermore, re-
cently quantum gravity effects of the entangled particles tunneling is investigated by using the generalized uncertainty
principle [27]. The calculations show that the tunneling rate deviates from pure thermality and is consistent with
unitary theory.

On the other hand, since the discovery of Banados-Teitelboim-Zanelli (BTZ) black hole [28], three-dimensional
black holes have become a popular research area of quantum gravity. Today, the three-dimensional gravity is used
to test the theories behind the AdS/CFT correspondence [29]. In ref. [30], the authors analyzed the gravitational
Aharonov-Bohm effect due to BTZ black hole in a noncommutative background. Moreover, in ref. [31], the behavior
of a particle test in the noncommutative BTZ space-time has been analyzed. The thermodynamic properties of the
charged BTZ black hole were investigated in ref. [32].

Recently, noncommutative gravity has attracted a lot of interest. Several black hole solutions have been found by
using a new model of commutativity, including the neutral and charged black holes [33,34], inspired higher-dimensional
charged black holes [35], and rotating charged black holes [36]. Furthermore, it is shown that this model of noncom-
mutativity preserves the Lorentz invariance, unitarity and UV-finiteness of quantum field theory [37-39]. According to
this scenario, the black hole evaporation process might finish when the black hole reaches some minimal mass M, this,
on the other hand, might shed some light on the information loss paradox. The key idea in noncommutative gravity
is the noncommutativity of the space-time points. This noncomutativity can be encoded in terms of noncommutative
self-adjoint operators given by the commutator

[, 2] = i6"”, (1)
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where 0" is an anti-symmetric second-rank tensor. One natural consequence of this noncommutativity is the minimum
length in space-time. It should be noted that the point matter/charge distribution should be expressed by a Gaussian
function rather than by Dirac delta function. The quantum tunneling of Hawking radiation also has been investigated
in the context of noncommutative black holes [40-43]. As we know from particle physics, a massive boson is a spin-
1 particle described by the Proca equation. In particular, the charged massive bosons, i.e., W* and Z are very
important in the Standard Model of particle physics, they are known as a force carriers of the weak interaction and
for the important role in the confirmed Higgs boson. In this context it is interesting to note the possible existence of a
massive photon or the so-called Darklight [44,45], and the charged spin-1 boson speculated as a potential dark matter
candidates [46,47]. On the other hand, due to the nontrivial interaction between the charged massive boson (W¥)
fields and the electromagnetic field may lead to new insights. Therefore, we think the study of spin-1 particles merits
more attention, in particular, in the context of black hole physics.

During the last few years, modification of the uncertainty principle to a generalized uncertainty principle (GUP)
becomes an important tool to investigate the effect of the quantum gravity on many different research areas [48-51].
Divergences in physics suggested that it can be solved easily by using GUP relation instead of the usual Heisenberg
uncertainty relation. Recently, in ref. [52], the authors studied the corrections for the entropy of the noncommutative
BTZ black holes. In this paper, using the same procedure, we investigate the GUP-corrected thermodynamics of
charged black holes.

Inspired by what has just been said, in this work we follow ref. [53], and study the tunneling of charged massive
bosons (W*) from noncommutative charged black holes. The field equations can be derived by using the Lagrangian
given by the Glasgow-Weinberg-Salam model. We then use the WKB approximation and the separation of variables,
which results in a set of four linear equations. Solving for the radial part by using the determinant of the metric which
equals zero, we found the tunneling rate and the corresponding Hawking temperature. Finally, we aim to compute the
corrected Hawking temperature and entropy by incorporating the noncommutative parameter § and quantum gravity
effects a.

The paper is organized as follows. In sect. 2, we investigate the tunneling of massive vector particles from the
noncommutative charged Reissner-Nordstrom (RN) black hole and calculate the corresponding Hawking radiation. In
sect. 3, we extend the tunneling of massive vector particles from noncommutative BTZ black holes and compute the
corresponding Hawking temperature. In sect. 4, we study the GUP-corrected Hawking temperature then we compute
the GUP-entropy corrections for the noncommutative charged RN black hole. Finally, in sect. 5, we comment on our
results.

2 Tunneling from noncommutative RN black holes

In noncommutative gravity the mass and charge distributions cannot be localized as point-like particles, but rather
diffused, and therefore given by a Gaussian distribution of some minimal width v/8, as follows:

M _r2
pmatt-("”) = We 40, (2)
respectively,
Q 2
per.(r) = (476)3/2 e . (3)

Here, the parameter 6 encodes the minimal length due to the noncommutativity of the space-time points. The line
element which solves the Einstein’s field equation in noncommutative space-time is given by [34]

ds? = —f(r)dt* + f(r)" L dr? + 2 (d02 + sin? 9d<p2) , (4)
where . 02
o= (1- 52+ %) )

Using (2) and (3), the smeared mass and charge distributions can be expressed in terms of the lower incomplete

Gamma functions as follows:
2M 3 72
My = (2 49> (6)

W¢ o) (Lo B (3n), 2
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Clearly, in the limit & — 0, the noncommutative mass and charge solution reduces to the commutative case
My — M and, similarly, Qo — Q. Solving for f(r = ry) = 0, we end up with the outer and inner horizons given by

ro+ = Mot + /M7, — Q7. 9)

Now, let us recall that the Lagrangian density, which describes the W bosons in a background electromagnetic
field, can be written as [53]

2
my

L= —% (DLW, = DIW,5) (DTHW Y = D7 WH) 4 =

WHW—+ — %eFWWjW;, (10)

where Dy, = V, + %eAM. Here V,, is the covariant derivative, e gives the charge of the W™ boson, and 4, is

the electromagnetic potential of the black hole with components A, = (Ap,0,0,0). Using the above Lagrangian the
equation of motion for the W boson field reads

1

ieA,
V=g

2 .
8;1« [\/—79 (D:tyW:I:u _ D:tuW:tyﬂ 4 L - (Dj:yW:I:u o D:t/LW:tV) 4 %W:tu + %eF”“W:: =0, (11)

where F* = V*AY — V¥ A*. In this paper we will study the tunneling of the W= boson, therefore we need to solve
the following equation:

1 i 7
b — B v gt o b i N
\/jgc'?# [\/ 99"’ g <8aWﬁ Wy + heA“WB heAgWaﬂ
ieAMg’wg”a + + 1 + Z + m%/vguﬁ + 1 vayy+ —
— 0aWg5 —0sWg5 + heAOJ/V[3 heAgwa + 2 W5 + heF WrI =0, (12)
for v =0,1,2,3. Using the WKB approximation,
W:[(t,r,H,go) =C,(t,r,0,¢)exp (;S(t,r,ﬁ,gp)> , (13)
and taking the lowest order of i, we end up with a set of four equations:
825)2 (835)2 m2> ((825) )
0=C —85’2—( - - — Cy ((01S) (edo + 00S C 9pS + eA
o (s = CPF - BT ) 0 (@9) e+ 208) + Co () 005 + i)
(955) )
Cs | ——5—=(0pS + eA 14
’ 3(7‘2fsin20(0 tedo) ) (14)
025)? 035)? 015055
0 = Co (—(@S)(eAg + 308)) + €1 (— 25— p OS5 (ggs eao)? —m2f) + s (1222
r2 r2sin® 0 2
015035
C: ) 15
* 3<f7"2sir129> (15)
90S + eA 039)? oS + eAp)?
0=Cp <ags (0“0» 4O (F(3:9)(015)) + Co <f(815)2 (0:5)” | (%05 + cdo) m2)
f 72 gin” 6 f
(025)(055)
Cy | —————= 16
o ( r2sin?9 )’ (16)

0=Cy (ags (aos;%)) 4O (f(855)(08)) + Cs <f(315)2 B (aﬁ)z L @8 ;GAO)Q i m2>

025058
+02(22 ) (17)
r
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Due to spherical symmetry, one can choose 6§ = /2, the nonzero elements of the coefficient matrix = are given by

Using the space-time symmetries of the metric (4), we can now choose the following ansatz:

8§

025)? 035)? 2
= (—(815)2 - (:Qf) - (:;f) - ”})
12 = —Z91 = (01.5) (€dg + 0pS)

S = <(825) (808 + er))

8§

r2f
S = (%? (00S + eAO))
2 2
522 = (—f(aif) — f(ai;g) + (805 + 6140)2 . m2f>
=03 = ]”7472
Zoy = f@szw
Z31 = _ (905 + eAo) 55
f

r2 f
- = (025)(035)
Egq = Eyg = 2
035 ((905 + er)
Zq = I

Eyo = f(935)(01.9)

Eu = (—f(315)2 - (ai‘g)Q n (008 w;er)Z _ m2) '

S =—Et+W(r)+jo+ H(6) +C,

and the nontrivial solution of this equation [20],

Z(Cy,C1,Cy,C3)T =0,

is obtained by using the the determinant of the matrix =, which equals zero, as

(f2W’2r2 + (r*m? + (0, H)) f — r*(E — eA0)2)3 m? = 0.

Solving this equation for the radial part leads to the following integral:

1 H)?
Wi:i/d’l"f\JEQ—QEer—f—eQAg—f<m2+(827’2)).

Now, we can expand the function f(r) in Taylor’s series near the horizon

frog) = f'(ros)(r —rey),

and integrating around the pole at the outer horizon, 9, gives [9,10]

Wa — im\/E2 — 2,EeA0 + 2 A2 '
I lros
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Since every outside particle falls into the black hole with a 100% chance of entering the black hole, therefore, the
corresponding probability of the ingoing massive vector particle must be set

Pf ~ e—QImW, — 1’ (25)

which also implies that
ImS_ =ImW_ +ImC =0. (26)

On the other hand, for the outgoing particle, we have
ImSy = ImW, + ImC, (27)
but we know that ImC = —ImW_, and also from eq. (24) we see that
Wy =-W_. (28)
Therefore, the probability for the outgoing vector massive particle is given by
Py = e 2ImS o o= MWy (29)

Finally, the tunneling rate of massive vector particles tunneling from the inside to the outside of the horizon is
given by

P D st o )

where F,.; = E — eAg. Then, the Hawking temperature of the noncommutative Reissner-Nordstrém black holes is
recovered as
1 df(ro+)

Ty = ———=. 31
H 4 dr (31)

Using eq. (5), one can recover the Hawking temperature for noncommutative charged black hole, which is in
agreement with [34,40, 54]

2
6

7"2 7_2 2
T 1 - 794 €Xp (74271) Q* NEE N Tot exp( 99+> ( (% 497;) (%’ 73))
" g 1027 (3, g) wrg, |1 \2 a0 1663/2 (37)

(32)

/ 2_02

M—Q, on the commutative case.
27 (M++/M2—Q?)2

Equation (32) shows that, in the noncommutative framework, there is not a complete evaporation of the black hole

inasmuch as it produces a Planck-sized remnant including the information. So, information might be preserved in this

remnant. The simple r1 dependent form of the Hawking temperature from the noncommutative RN black hole can
K(M,Q) ~ L To4+—To— To4—To_
27 — 4w rng 27«3+

Therefore, one can recover the classical Hawking temperature, Ty =

be approximately written as follows: Ty = , where the surface gravity (M, Q) is

3 Tunneling from charged noncommutative BTZ black holes

The line element describing the BTZ black hole in a noncommutative background is given by [30,55, 56]
2 2 142 —2 3.2 2 A7 "2 _ HB 2
ds® = —F=dt*+ H *dr® +2r°N?dtd¢ + de¢=, (33)

where the metric components are

F? = 4
E: oy (59

1 0B
H? = pIE (r? =r3)(r* —r2) - ) —(2rt =1} —1? )] , (35)
N¢ = = (36)

2727’
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where B and 6 are the magnitude of the magnetic field and the noncommutative parameter, respectively. Furthermore,
r4+ and r_ are the outer and inner horizons. The event horizons are given as

2M 2
ri:lT 1+ 1—(]\‘21) . (37)

The metric given in eq. (33) can be rewritten as

ds? = —fdi* + Q™ dr+errdt+< §g>r2d¢27 (38)

where
f:—M+’l"—22—?, (39)
QM+";+J20§<Z2%>. (40)

Here M is the mass, J is the angular spin of the BTZ black hole. Note that the BTZ black hole without electric charge
can be obtained as the quotient of AdS space. The vector potential of the black hole is given by

A, = (40,0), (41)

where A; = —QIn(7).

To use the WKB approximation in a similar way as done in sect. 2, we insert the wave function given in eq. (13)
and the vector potential into the Proca equation of motion for the W boson field of eq. (12) for near the event horizon
of a noncommutative BTZ black hole in the condition of J = 0 and the metric is given as follows:

ds’ = —fdt* + Q7' dr’ + (r* — K) d¢?, (42)

where K = TB, f=17 (74)(r —7,) and Q = Q'(#,)(r — 7, ). Dividing by the exponential term and considering the
leading terms yield three equations:

0 |Q0* - K) (@, S)f = @}f)f Rkl Ut O PR [—Q [(9:5) ; Aoe] fm} o
i [0S0 et (13)
{ (8,5) ats + er)] ot [(aif)_(izsq s {(7'2 — K)(9S + eAO;?r2f(§¢;S)2 —m2f(r? - K)} .
0 = [05) (& ) Fedoll oy 1 1-Q(0,9)(0,9)] € + {Q(aTS)Z’ G5+ 6?0)2 - mzf] Cs. (45)

Using the space-time symmetries, one may choose the following ansatz:
S=—Et+W(r)+jo+c (46)
which leads to the following nonzero elements of the coefficient matrix Z,

Zys = QfW(eAO - B) (48)
Zoy = _”Jf'(er —B) (49)
Zgy = “A0 = Ef)2 —m (50)
Zaq — QfW’ — (eAg — E)? + m>f . (51)

f
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Using the space-time symmetries of the metric equation (42), we can derive the nontrivial solution of this equation,
Z(Cy, C1,C2)" =0, (52)

obtained by using the the determinant of the matrix Z, which equals zero, as
m? (e2A% — 2eEA, + E® — f(m® + QfW"))* = 0. (53)

Solving this equation for the radial part leads to the following integral:

Wy :i/dr\/in\/EQ—2EeA0—|—62A%—m2f. (54)

Solving this integral, by integrating around the pole, gives

_im\/E? —2EeA, + A}

Wy=+4 (55)
VQ' s,
By using similar arguments as in the last section, for the tunneling rate we must have
[ oo oMW o~ (56)

where E,.; = FE — eAy.
In this way, the Hawking temperature at the event horizon of the charged noncommutative BTZ black holes is

calculated as 0B
1 - - Tt 3

- — / / - —= - oo

T = VT = o (1= ) + (57)

Finally, the last result, in terms of r, gives

[ 92B2
Ty = (1- =0 ) +.... 58
m 27r12< 61 ) * (58)

Thus, we have recovered the Hawking temperature with remnant for the charged noncommutative BTZ black
hole [55,56]. As expected, there are corrections for the Hawking temperature due to the noncommutativity of the
space-time.

4 GUP-entropy and corrected Hawking temperature of the noncommutative RN black holes

In this section, by using the recent works in refs. [52,57,58], we show the effect of the GUP to the noncommutative
RN thermodynamics. Firstly, the GUP expression with a quadratic term in momentum, is written as [59]

AzAp > h(1— BAp + f*(Ap)?), (59)

with the dimensionless constant 3 (8 = al,/h), and where « is a positive constant, [, and £, are the Planck length
(I, = /hG/c? ~ 1073 m) and the Planck constant, respectively. After some algebraic manipulation, the last equation

reduces to
h(Az + aly) 40212
Ap>—~—— P ] J1———P |
P = 2a2[2 ( \/ (Az + adp)? (60)

Let us note that [,,/Ax is infinitesimally small compared with unity, one can therefore expand the last equation in
Taylor series as follows:

Ap “ < . ] . (61)

> 1-

~ 2Ax [ 2Ax + 2(Ax)?

It is noted that after using the constant as unity (G = ¢ = kg = 1, h = 1, and [, = 1), the uncertainty principle
reduces to AxAp > 1. The saturated form of the Heisenberg uncertainty principle depends on the energy of a particle,
which can be also written in the form EAz > 1. Consequently, the new form of eq. (60) is

(0% 042

An) Tatane T ] >

Eqgup 2 E {1 T (62)
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where Eqyp is the corrected energy of the particle. Now we can rewrite the tunneling probability, which we find in
eq. (30), by considering the effect of GUP as follows:

(63)

—27FE
I' ~ exp[—2Im(S)] = exp [WGUP] ,

K

where £ is the surface gravity of the noncommutative RN black hole horizon given by x = 2f'(rg, ). Comparing this
with the Boltzmann factor, the GUP-corrected black hole temperature of noncommutative RN is found as

2

TGUp:TH{1—2(Ax)+2m$)2+..} , (64)

where Az = 27y, = M@ LT/ M . Thus, the corrected Hawking temperature, due to the GUP effects, reads

Q2 a a2
T B 1+ —— ——+... 65
cup (W@+ o) (1) (65)
where 2
Ao Ty4 €XP (_ Zgi) (66)
463/ (%,%)
and
3 oy 2 (1 oy roy (1 Toy
(%) R 0) 5 (0%) .

It is noted that, for v = 0, it is obtained the noncommutative RN black hole temperature in eq. (32). Therefore,
we get more remnants for the noncommutative RN black hole. Now let us compute the GUP-entropy corrections; for
this reason we can now use the first law of BH thermodynamics and, for simplicity, choose Az = 2rq, . It follows:

o / dE / kdA,
P | Teur  J 87Tcur
2

(0% (0%

:/27TT9+dT9+ 1_H+g+.. ,
+ +
T 271'
:7TT§+—?T'9++TIH7‘9++.... (68)

In the first and second line of the last equation we have used xk = 27Ty and dA, = 87y, dry, , respectively. Finally,
we can rewrite the last equation in terms of the surface area of the event horizon as follows:

a? A
SGUP****\/AhWJrilnchr (69)

Notice that, for o, = 0, we recover the well-known area law for the BH mechanics, i.e., Squp|a=o — S = Ap/4.
Remnants mainly due to extraordinary large amount of entropy confined within a tiny volume.
Note that in order to write explicitly the entropy in terms of @, M and the parameter 6, we need to recall the

following relation:
ro, =My, + /My — Q5. . (70)
(M@ (M AP (M + /32— QP2
My, =M Wi exp | — 10 , (71)

where

Vo

20 270

<M+ W) (revar-@) (_ (o1 + m>) )
46 ’
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where €(z) is the Gauss error function defined as

2 m_uzu
e(m)—ﬁ/oe du. (73)

As expected, for very large masses, the function e(x) tends to unity while the exponential term goes to zero, giving
the classical RN horizons 19, — 74 = M + /M? — Q2.

5 Conclusion

In summary, we have investigated the tunneling of charged massive bosons W¥ from charged noncommutative RN
black holes and BTZ black holes. The corresponding tunneling rates and the expected Hawking temperatures have
been recovered by using the WKB approximation and the Hamilton-Jacobi equation in both cases. Furthermore, the
results in this paper are consistent with an underlying unitary theory.

Last but not least, it is also shown that the remnants of the Hawking temperature from the charged noncummutative
black holes are increased by the effect of the GUP. Therefore, this GUP-corrected Hawking radiation is commonly
used for entire black holes. Then, we have derived the logarithmic corrections in the leading order for the corrected
entropy. Note that the existence of the remnant depends critically on the full form of the entropy corrected by the
GUP. The corrected Hawking temperature and entropy are shown to depend on the noncommutaive parameter 6 and
quantum gravity effects a. The black hole remnant would offer a way in which information might be preserved. Hence,
the existence of a remnant may have important experimental consequences on the detection of black holes at the the
Large Hadron Collider (LHC).

The authors would like to thank the anonymous reviewers.
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