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1. Introduction

According to general relativity, black holes are such dense objects in the universe
that not even light can escape. The classical Einstein equations state that black
holes are disturbingly simple; their only properties are mass, electrical charge and
angular momentum. The simplest solution of the Einstein equations in general
spherically symmetric vacuum is a Schwarzschild solution, which depends only on a
single parameter of mass. In addition, the Reissner—Nordstréom solution, which has
two parameters of electric charge and mass, is the general spherically symmetric
solution to the Einstein-Maxwell (EM) equations. On the other hand, the axially
symmetric solution of EM equations is Kerr—-Newman solution which depends on
three parameters; mass M, electric charge ), and angular momentum J. Further-
more, one can use scalar fields together with string theory to solve mysteries of
the dark matter and dark energy. The Einstein—-Maxwell-dilaton-axion (EMDA)
gravity is the low energy limit of the bosonic sector of the heterotic string theory.!
EMDA gravity model is a generalization of EM gravity which contains the dilaton
and the axion scalar fields. Moreover, black holes are interpreted microscopically in
string theory as bound states of explicitly specified constituents. For example: the
original Kaluza—Klein theory in four dimensions, obtained by compactification of
5-dimensional pure gravity on a circle which contains the following fields: a U(1)
gauge field, a scalar field, and gravity.2:3

In 1974, Hawking predicted that black holes would release black body radia-
tion, known as Hawking Radiation.*> Moreover, this effect cause the information
loss paradox, because of the thermal nature of the radiation. Nowadays, there have
been many works on the derivation of the Hawking temperature using various tech-
niques and methods.5 8 One of the famous method is the quantum tunneling method
firstly used by Krauss—Wilczek—Parkih and also semiclassical method of tunneling
using the Hamilton—Jacobi approach.? 6 Recently, the effect of the quantum gravity
has been investigated using the generalized uncertainty principle (GUP) in differ-
ent spacetimes, which indicate that the rate of the tunneling of particles deviates
from pure thermality and satisfy the unitary theory. Furthermore, the researches
on string theory, loop quantum gravity, double special relativity show that there
is a possibility to existences of the minimal observable length which is the main
ingredient of the GUP.52 66 Briefly, this modification on the uncertainty principle

is as follows®”:

[zi,pi] = ihdi;[1 + Bp°],
where
xi =x0i, pi = poi(l+ Bp°),
p? = pip’ ~ —h[0;0" — 28h*(9;07)(0'9;)).

Note that zg; and py; satisfy the canonical commutation relations [zg;; poj] = 1hd
and 8 = ﬁolf, /h?, By are dimensionless parameters with the Planck length [,,. Using
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these commutation relations, the GUP can be written as®”

AzAp > g[l + B(Ap)?).

In recent years, there have been many publications including the effect of
GUP.%8 87 Moreover, recently, tunneling of the uncharged particles from rotating
black holes has been studied,®® however, there is no completely agreement with the
literature. The main aim of the paper is to obtain correct Hawking temperature us-
ing the tunneling of fermions from the stationary axially symmetric black holes. The
idea is to get the quantum signature of the correlated Hawking quanta as a proof
of the Hawking effect and to acquire the GUP effects on Hawking temperature, we
study the general stationary axially symmetric black holes.

The paper is organized as follows. In Sec. 2, we briefly review the method of
tunneling using the charged fermions from the stationary axially symmetric black
holes via GUP. In Sec. 3, the modified Hawking temperature of Kerr-Newman black
hole is obtained. In Sec. 4, we study the temperature of EMDA black hole. In Sec. 5,
we calculate the modified temperature of Kaluza—Klein dilaton black hole. Then,
in Sec. 6, we obtain the effect of the GUP on the charged rotating black string. In
Sec. 7, we summarize our results.

2. Modified Temperature for General Stationary Axially
Symmetric Black Hole

In this section, we develop a general method to study charged fermions tunneling
from stationary axially symmetric black holes with GUP. We consider general 4-
dimensional line element for stationary axially symmetric black holes and discuss
tunneling with general line element. Then we calculate the tunneling probabil-
ity and we give general formula for modified Hawking temperature. The general
line element and electromagnetic potential of axially symmetric black hole can be
written as

ds® = gu dt* + grr dr® + gee dE? + go dd” + 291 dt dp, (1)
with
Ay = A dt + Ay do. (2)
The line element can be transformed into the following form:
2

2
g
ds* = | g — 2o a? + Grr dr? + Jee de? + Jbo (dq& + gt_¢dt> (3)
oo oo

The angular velocity of the black hole with line element (1) is defined as

Q=_9 (4)

Yoo
It is a well-known fact that the tunneling probability of particle is independent from
the coordinates system, so for simplicity of our calculation, we perform dragged
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coordinate transformation. After transformation of coordinates as d¢ = Qdt, the
dragged metric can be written as

2
d§2 = | 9t — g_ dt2 + Grr d?" + gee d£2
o9 (5)

dr?
ds? = —Fdt* + el + H?dg2.

The transformed metric represents 3-dimensional hyperspace in the 4-dimensional
spacetime. The corresponding electromagnetic vector potential is

Aj = A dt = (A + QAy)dt. (6)

Here quantities are 3-dimensional quantities. To discuss the charged fermions tun-
neling with GUP, we use modified Dirac equation. The modified Dirac equation for
the fermions field of mass m and charge e can be written as®’

[moao +i7'0;(1 — Bm?) + i~ BR*(0;07)0; + m

=1+ Bh20;07 — Bm?)

— »yﬂ%/i#(l + BR*0;07 — Bm?) + iv*Q, (1 + BR*0;07 — BmQ)} U =0, (7)

where Q,, = %ZTZ)‘E,,)\, S = 1i[v",7"] and {y#, 4"} = 2¢"I, with i, j = 1,2
and u, v, A = 0,1,2. For transformed metric (5) gamma matrices v* can be con-
structed as

1 (i 0 0 o 1[0 o
t_ TG S — 8
7 ﬁ(o —i)’ 7 <a3 0)’ 7 H<al 0)’ (®)

where ¢’s are Pauli matrices. For fermions, there are two states corresponding to
spin up and spin down particles. The analysis for both cases is same, so in this
paper, we consider only the spin up case. We assume the wave function as

At r€)

vitro-| " i) )
7, &) = exp r
B(t,r,§)
0

where I is action of emitted fermion. On substitution of the wave function (9) and
the gamma matrices (8) into the modified Dirac equation (7), we get the action
form of modified Dirac equation

—~B(1-— 5m2)\/éarf + BAVGOI(g"" (8,1)% + g% (01)?)

eAt
\/_ \/F
+ Am[(1 = Bm?) = B(g"" (0,1)* + g**(9e1)*)] = 0, (10)

Lo [1—Bm?* = ("7 (0:1)* + g°*(0¢1))]
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—A(1 = Bm*)WVGO, I + ABVGO, I(g7 (0-1)% + g5 (9e1)?)

+ %aﬂ + z'Be—fFiu ~pm? — (g (O TP + g (D))
+Bm[(1 - ﬁmQ) - ﬁ(grr(arl)Q + 955(851)2)] = Ov (11)
AV GEOI[—(1 — Bm®) + B(g™ (9,1) + g5 (e 1)?)] = 0. (12)

It is hard to directly solve the above system of coupled equations for action. Indeed,
the line element (1), equivalently (5), is stationary and admit a Killing vector field
O¢, so we decompose the action I as

I= —(w—jQ)t—l—W(r,f), (13)

where w and j are the energy and angular momentum of the emitted fermion. From
(10) and (11), it is easy to see that for nonzero zero wave function, d¢I = 0, which
just mean that in dragging coordinates action is independent of £&. Thus, from now
on without loss of generality we fix £ = &. Inserting (13) into (10) and (11) we
obtained

A A
22 (w—jQ) — iAe—\/Ft

7F [1—Bm® — g™ (9,W)’] + BBg""VG(0,W)?
— B(1 — Bm?)WG,W + Bm[(1 — pm?) — Bg""(8,W)?] = 0, (14)

iB oy oedy
——=(w—jQ) +iB—
\/_(w J) +i Wi

— A(1 = BmAVGO,W + Bm[(1 — Bm?) — Bg""(0,W)?] = 0. (15)

[1—Bm? — g (8,W)?] + ABg""VG (0, W)?

This is system of homogeneous equations in A and B and have nontrivial solution,
if determinant of the coefficient matrix vanishes, thus we must have

Ag(0, W) + Ag(0,W)* + A2(9,W)? + Ag = 0, (16)
where
Ag = B2GPF,
Ay = BGPF(m*B —2) — B*G*e* A7,
Ay = GF(1 = Bm?)(1+ m®) + 2Be 4, G[—(w — jQ) + eAy(1 — fm?)),
A = —m*F(1 = pm?)* — [(w — jQ) — eA;(1 — pm?)]*.

Solving (16) by neglecting higher powers of 5 we get

Wi:i/\/mQF—F[(w—jQ)—eflt(l—ﬁmQ)]Q 1+Bm2F+w§—e/1tw0

FG F dr,

(17)
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where wg = w —jQ — eA, and +/— corresponds to outgoing/ingoing solutions. The
above integral equation has pole at horizons of the black hole and can be solved by
complex contour integration. Note that (17) has pole of order 2 at horizons and thus
instead of using F(r) = (r—rp)F'(ry) and G(r) = (r—ry)G' (r,) by Taylor theorem,
we use factor theorem so that Fy(r) = F(r)/(r — rp) and G1(r) = G(r)/(r — r1).
Solving around the horizon r, with fixed £ = £, we get

(w - th - eAth)

Im(Wy) =+ AT

(1+p55), (18)

where

N m2cA;, <26(2w0 — Ay, )AL + (300 — 2621,5,1)9;1)

2 200 Fi(ry)
1 @0((1)0 — eflth) F{(T‘h) Gll (Th)
2 Fi(r) < Fi(rp) * Gl@“h)) ' 1)

Here, A, = A/(r), Qn = Q(rp), @0 = w — jQ, — eA;, and “prime” denotes
derivative with respect to r. The tunneling probability of the fermions, with the

contribution of temporal part is given as?
I' o exp[—(Im(woAt°"™) + Im p,. dr)], (20)
where
_ ; o
1 Atoumm =
m (o ) e

with ky, is the standard surface gravity of corresponding stationary axially symmet-
ric black hole at horizon r},. Considering total temporal contribution Im(woAt) =
mwo/kn, we get the expression of the tunneling probability

I' = exp[—(Im(@oAt) + 2 Tm W], (21)
= oxp | g W I —edr) B
I = exp |ttt <1+ 2H)] . (22)

Thus, the modified Hawking temperature for black hole with line element (1) reads
the value

_1M:TO< 5>, (23)

= 1-22
dr (14 5%)

where Ty = /F1(rn,)G1(ry) /47 is the standard Hawking temperature of (1). Note
that for positive temperature % > = and for Z > 0 the modified temperature is

lower then standard temperature.
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3. Modified Temperature of Kerr—-Newman Black Hole

In this section, we use the general formula derived for modified Hawking tempera-
ture in last section to find modified temperature of Kerr—-Newman black hole. The
Kerr—Newman black hole is stationary axially symmetric black hole and its line
element share the form of (1) with ¢ = 6 as®®

A — a?sin? 6 b (r? + a?)? — Aa®sin? 0
2 _ 2, &2 2 2
ds® = > dt —l—Adr + X do* + S d¢
2 2 _ A
— 2 sin? 9%@ do, (24)
with the electromagnetic potential
_Qr Qrasin® 6
Ay = Sdt =49, (25)

where ¥ = 12 + a?cos?0, A = r2 +a®> + Q? — 2Mr = (r — r4)(r — r_) and the
parameter M, @) and a denote the mass, electric charge and angular momentum
per unit mass, respectively. The outer and inner horizons are located at ro =
M £ /M2 — Q? — a?. The angular velocity for the Kerr-Newman black hole given

by
2 2
Q:_%:w7 (26)
9o K

where K = (2 + a?)? — Aa®sin?6. Using dragged coordinate transformation
d¢ = Qdt, with angular velocity (26), the dragged line element and corresponding
electromagnetic potential of Kerr—Newman black hole takes the form

YA b

2 BB o Xg 2
ds® = % dt” + Adr + X db-, (27)
and
2, 2
&:mﬁ:@ﬁiiM. (28)
K
To determine modified temperature at outer horizon ry the functions F; and G
are
—r_)X —r_
p= 2 a6 =0 (29)

Now we are in position to find modified temperature for Kerr—-Newman black hole
using the formula (23) with correction terms given by (19). Using angular velocity
(26), electromagnetic potential (28) and functions (29) into (19) we get

Sn = 3 2 m2€:4t+ 2eQ(2wg — eAy) 2 _a? - 7“+(;‘+ —ro) 22 8o
2 200 Sry)iry —ro) 4 + a?

(3(:10 - 2€At+)

W[JQ+{4T+(T2+ +a?) — (ry —7r_)a*sin® 6y}
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@0((1)0 — eAtJr) 4(7“_%_ + a2)2

—j _ 12r, (12 +a?) —
]CL(?"++7‘ )]+ 22(7,_‘_)(7,_‘__7,_) TJF(T—Q——’_G‘ ) Ty —r_
dry(r2 + a?)?
—3(ry —r_)a%sin? 0y — ——F— 2 , 30
( + ) 2(7‘+) ( )
with
Bo—w—j0y — Ay, Qp— % A, -9 (31)
0 — J3e+ t+» +_7“_2,_—|—a2’ t+_7’_2,_—|—a2'
Thus, the modified Hawking temperature for Kerr-Newman black hole is
-1
1 ry —r_ 1 1
T=——FF——|(1+=6Z =Tp|1—-=p= 2
47rri+a2< +25 KN) 0( 25 KN>7 (32)

where Tj is standard Hawking temperature for Kerr-Newman black hole. When
a = 0 and ¢ = 0, the modified temperature reduces to the Reissner—Nordstrém
and Kerr black holes, respectively. Due to 6y in the correction term, the modified
temperature depends on angle 6. Their claim is not in agreement with zeroth law
of thermodynamics. So, for constant temperature everywhere on the horizons we
can set 8p = 0, and in this case correction terms Zxn reduces to

- 3m2 m2ed,,  2eQ(2wg — eAH)(r%r —a?)
2 260 (ry —r-)(r2 +a?)

CLj (3(:10 — 2€At+)

s —r 2+ ad) e @) = (e o)

209 ((Do — €At+)

(e 1) %)

Using 7+ = M + /M? — Q? — a2 it can be easily shown that Zxn > 0, thus the
modified temperature is lower than that of standard temperature and for positive
temperature it must be in the limit Zxn < % Further, if we ignore the quantum
gravity effects we will get the standard temperature for Kerr-Newman black holes.

4. Modified Temperature for EMDA Black Hole

In this section we give the modified temperature for EMDA black hole. The EMDA
black hole is stationary axially symmetric solution of the EMDA field equations.
The line element of EMDA black hole of mass M, angular momentum per unit mass
a and dilatonic perimeter b is given by!
A — a?sin? 6 z asin® §(r? + 2br + a? — A)
———dt* + —dr® + X df* -2
> LN >

(12 + 2br + a?)? — Aa®sin? 0

* )

ds? = — dt do

sin? 6 dep?. (34)
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The corresponding electromagnetic vector potential is

Qrasin® 6 d

by
where ¥ = 72 + 2br + a?cos?6, A = 72 —2Mr +a®> = (r —ry)(r — r_) and
ry = M £+ M2 — a? are location of the outer and inner horizons. The ADM mass
M4, charge @ and the angular momentum J are related with diatonic parameter
as

A, = %dt - b, (35)

Ma=M+b, Q*=2b(M+b), J=(M+ba.

The EMDA black hole is generalization of the Kerr and the Garfinkle-Horowitz—
Strominger dilatonic (GHSD) black holes, with parameter b and a, respectively.
The angular velocity for this black hole is given as
a(r® +2br +a? — A)

K )
with K = (r2 +2br + a?)? — Aa?sin® §. With this angular velocity we obtained the
transformed dragged line element as

A N
—?dﬁ + Zdﬁ + X dbh?, (37)

and the electromagnetic potential

Q= (36)

ds? =

Qr(r? + 2br + a?)

A=Ay dt = = dt. (38)
Using the factor theorem for outer horizon, we can define the functions as
r—r_)% r—7r_
F1 = % and Gl = % (39)

Using angular velocity (36), electromagnetic potential (38) and functions (39) we
have

— _ 3 2 T mQBAt_‘_ 26@(2(1}0 - 6121,5+)(7"i — a2)
2 200 Sry)(ry —ro)
aj(3wg — 2eAsy) [A(ry +b) — (ry +2b+1_)]
(ry —r-) (r3 +2bry 4 a?)

bo(@g — eA 2(r2 +2b 2
+w0(w0 eAiy) Ay + ) — (ry +2bry +a?) ’ (40)
(TJr_r*) T —r_

with
Wo=w—jl —edy, Qi = mv

Qry (41)

Ay = ——"-———.
s 3+ 2bry + a?
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Thus modified Hawking temperature for EDMA black hole is given as
1 (ri+2br++a2> 1
4rm ry —1r_ (1+ LZEDpMaA
When a = 0, we will get modified temperature for GHSD black holes. Further, if
ZgpmMma > 0, the modified temperature is less than the standard temperature.

T 7= To (1 - %BEEDMA> . (42)

5. Modified Temperature for Kaluza—Klein Dilaton Black Hole

The Kaluza—Klein black hole is an exact solution of the dilatonic action with cou-
pling constant o« = 3. It is derived by a dimensional reduction of the boosted five
dimensional Kerr solution to four dimensions. The line element of Kaluza—Klein
dilaton black hole is given by?3

A — a?sin’ 6 1I¥ aZ sin® 0
AP+ At 4 1IRde? —2——
15 T TN

Z
+ |TI(r2 + a®) + ﬁa2 sin? 0| sin® 6 d¢?, (43)

ds? = —

dt do

with the electromagnetic potential and the dilaton field

v 7 vasin®0 Z

A =— ——dt - ——d 44
1 2(1_V2) H2 2 /—1_1/2 H2 ¢7 ( )
InTI
g Y3l (45)
2
where
2ur V27
Z=— Il=/1+ — 4
SR Vit T2 (46)
Y =7r24a%cos’h, A=r>—2Mr+a (47)

and M, a and v are the mass parameter specific angular momentum and boosted
velocity, respectively. The horizons are located at r+ = M ++/u? — a?. The physical
mass M, the charge () and the angular momentum J can be related with mass
parameter and boosted velocity and specific angular momentum as

M,=M

1+72(1_V2) =, J=— (48)

1—v2’ V-2

V2 ] Mv Ma

The angular velocity for this black hole

aZ\1— 12
= Tz = A (49)

Using this angular velocity the dragged line element becomes

OXA(1 —9?) , 1IX 9
———dt" + — + IIX
K dt dr de*, (50)

ds® =

1950184-10
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with K = (r2 +a?)? — A(a?sin? 4 v2Y). The dragged electromagnetic potential is

Qr(r® + 2br + a?)
K

For modified temperature at horizon r the functions are

ISl —v?)(r —r_) (r—r_)
K and G]_ = T (52)

Using angular velocity (49), electromagnetic potential (51) and the functions (52)
we get

A, = Ay dt =

dt. (51)

F =

—_ 3 2 erAt+ €At+ (2&10 — 61‘1t+)
KK = §m + 2&)0 B Fl(T'a)

2r 1 2r

r2+a2+r by

wo(wo — eflt+)

B 201, (r3 + a?) + 4r I14 1
21 (1 —v2)(ry —r—)(r} +a?)

I (r +a?)

4(r2 +a*)?  2mr?(a® — i)

— (r} +a*){8ry +6(ry —p)*}

T4 =T [L+v2(Zy = 1)]
+_qﬂ3w0——2eﬁt+)[2r+Z+-+(l——V2Xr+——r) (53)
V1—12 Z Iy (ry —r-) (3 +a?) |7
where
) - av1—v? r
wo=w —jQyp —edpy, Q4 = tr = 9y (54)

r24q2 "’ 2 +2bry +a?’

6. Modified Temperature for Charged Rotating Black Strings

The line element of charged rotating black string is stationary and axially symmetric
which admit three Killing vectors, 0, 04, 0. Thus the modified temperature for
black string can be obtained from general formula given in Sec. 2 with £ = z. The

line element of charged rotating black strings can be written as?
) 2 dr?
ds?> = —A <7 dt — —2d¢) + 73 (yde — 6dt)* + ~ o?r? dz?, (55)
o
with
b c? 3a’a? 2 — 3a%a?
A= — — 4 ——, b=4M(1- 2 _ 02220 56
a’r ar+a2r2’ B) y € Q 2 _a2a2 )’ (56)
2 —a%a? aa?
TV 0T o (5)
1—35a%a?
where M is mass, a is the angular momentum per unit mass, a® = —%7 A is the

negative cosmological constant. The parameters a and a? are related with angular
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momentum J and the mass of the black hole M as

The corresponding electromagnetic potential is given by

_ 20, 20 do.

T ar asry
The angular velocity for charged rotating black string is
—Avda? + riyéat
—A6? + r2y2a0t

With this angular velocity after transformation, we get dragged metric?!

Ay

Q:

ArZah dr2

ds® = A Eaad :_7052720[4 dt® + —2 + a?r? dz2?,
d 2

A2 = —Fdi® + % + H2de2.

The corresponding electromagnetic vector potential is
. N 2Qra?
A =Adt = | ————— | dt.
! i <—A52 + 7“272044)
For modified temperature at horizon of black string r, we have

2( 4,3 4 2 4,2 . 2
« (ar +o'ryre + o rir T+)

=
—AH2 +7"2'72a4 ’
2.2 2
a“r c
G1=Oé27‘+0427‘++ +__2 P
T a“ryr

With angular velocity (61), (63) and (64)
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For a = 0, the modified temperatures for charged non-rotating black string and

Q

7.

In

= 0 for uncharged rotating black string are successfully recovered.34

Conclusion

this paper, we first developed a general method to study the tunneling of charged

fermions from the stationary axially symmetric black holes with GUP. The impor-
tant results are given as follows.

To this end, we modified the Dirac equation using the GUP and solve it using
the corresponding curved spacetime via the semiclassical method of Wentzel-
Kramers—Brillouin (WKB) and Hamilton-Jacobi approach.

After we obtained the corrected tunneling rate of the fermions from the curved
spacetime, we showed the modified Hawking temperature for the most general
case, then using this method, we gave same examples how to calculate Hawk-
ing temperatures of Kerr-Newman black hole, EMDA black hole, Kaluza—Klein
dilaton black hole, and then, charged rotating black string.

The corrected thermal spectrum was shown that it is not purely thermal. We
noted that the effect of the GUP causes the black hole’s remnant.

Moreover, the modified Hawking temperature of the black holes is lower than the
standard Hawking temperature.

The remnant of the black hole’s radiation increases, when the black hole size is
close to the Planck scale, because of the effect of the quantum gravity.

Due to this remnant, the black hole is prevented from evaporation, and its infor-
mation and singularity are enclosed in the event horizon.
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