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We analyze the effect of the generalized uncertainty principle (GUP) on the Hawking
radiation from the hairy black hole in U(1) gauge-invariant scalar—vector—tensor theory
by utilizing the semiclassical Hamilton—Jacobi method. To do so, we evaluate the tun-
neling probabilities and Hawking temperature for scalar and fermion particles for the
given spacetime of the black holes with cubic and quartic interactions. For this purpose,
we utilize the modified Klein—-Gordon equation for the Boson particles and then Dirac
equations for the fermion particles, respectively. Next, we examine that the Hawking
temperature of the black holes do not depend on the properties of tunneling particles.
Moreover, we present the corrected Hawking temperature of scalar and fermion parti-
cles which look similar in both interactions, but there are different mass and momentum
relationships for scalar and fermion particles in cubic and quartic interactions.

Keywords: Effective Hawking temperature; modified Klein—Gordon; modified Dirac
equation.

PACS Nos.: 04.20.Jb, 04.62.4v, 04.70.Dy

1. Introduction

As indicated by Einstein’s theory of general relativity, black holes (BHs) are very
intense transcendental objects that twist spacetime so unequivocally that no light
or matter can get out of their grasp. According to NASA, some primordial BHs
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have shaped before long after the Big Bang and may be of the estimate of a sin-
gle molecule, anyhow, as enormous as a mountain. In ’60s, John Wheeler and his
collaborators propounded that BHs “have no hair”, an allegory meaning that BHs
trim of all complex features. In general relativity, no-hair theorem postulates that
BHs are surprisingly simple objects, they can only be described by three exceptional
classical parameters for them: their mass, electromagnetic charge and angular mo-
mentum.'® The Wheeler’'s hypothesis of no-hair theorem was proven wrong in
Einstein—Yang-Mills theory.® It is familiar that BHs have hair within the existence
of Yang-Mills fields.”

The modification of the general relativity may include scalar fields. In these
theories, no-hair theorem still exists. The primary no-scalar-hair theorem has con-
nected to the massless scalar'® and to the impartial scalar fields with a monotonous
increasing self-inducting potential.!! Heisenberg and Sujikawal? investigated the
solution of hairy BH under U(1) gauge-invariant scalar—vector—tensor (SVT) the-
ories for cubic and quartic order scalar-vector interactions. Herdeiro and Radu'?
have introduced a new family of BHs with scalar hair, that is persistently asso-
ciated to the Kerr family and gave a subjectively new case of hairy BHs entitled
Kerr BHs with scalar hair. It is familiar that BHs can grow scalar hair in the
presence of matter in their proximity,'4'® complex scalar with time-dependent
stages,'618 or on the off-chance that when the asymptotics are cosmological or
anti-de Sitter.19 2!

General relativity extensions to generalized gravitation theories extensively
present new parametric quantities apart from two tensor polarization.?? The devel-
opment of SVT theories with Horndeski theories was also carried out for both the
U(1) gauge and non-gauge invariant cases.?> The new parametric quantities emerg-
ing in SVT theories are important for the thermodynamical properties of BHs and
the expansion of the universe.

Stephen Hawking (1970) presented his idea about black body radiations, which
is known as Hawking radiation. All BHs loses their mass as apparitional quantum
particles.242% Due to the continuous process of Hawking radiation, a BH evapo-
rates.26 Hawking evaluated the BH physics in a curved spacetime, under quan-
tum field theory depending upon the Heisenberg uncertainty principle (GUP). The
Hawking radiation through quantum tunneling strategy of the radiated particles
from a BH has been investigated.2” 3% Moreover, the Hawking radiation through
tunneling phenomenon for numerous BHs has been investigated, abundantly, in
(24 1) and (3 + 1) dimensions.>1 8 Many authors have studied quantum tun-
neling approach for particles with different spins such as vectors (bosons), scalar
and fermions through the horizons of various BHs, wormholes and other celestial
objects, they also calculated their corresponding Hawking temperatures.

The GUP plays a very important role to evaluate the quantum gravity effects
(quantum corrections). To acquire the GUP effects on Hawking temperature, we
will utilize corrections of Klein—-Gordon and Dirac equations by considering quan-
tum effects. BHs are the main experimentation field to investigate the quantum
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gravity effects and lots of literature on BH thermodynamical properties to study
the quantum gravity effects under GUP. The BH thermodynamics have moreover
been explored within the system of GUP.8692 Nozari and Mehdipour?® have in-
vestigated the tunneling phenomenon under GUP effects for Schwarzschild BH and
also evaluated its modified tunneling rate. Ovgiin et al.?* have calculated the tun-
neling of massive spin-1 and spin-0 particles for a warped Dvali-Gabadadze—Porrati
(DGP) gravity BH and also discussed the effects of GUP for both types of parti-
cles. Ovgiin, Javed and Ali® have found the tunneling rate of charged massive
bosons for various types of BHs surrounded by the perfect fluid in Rastall theory.
Sharif and Javed?® have considered tunneling phenomenon for fermion particles
through the event horizons for the study of Hawking temperature. They also dis-
cussed the Hawking radiation through tunneling phenomenon for fermion particles
from a pair of charged accelerating and rotating BH around NUT parameter.9”
Furthermore, they analyzed the corresponding Hawking temperature of these BHs.
Sharif and Javed®® have also investigated the quantum corrections for regular BHs,
i.e. Bardeen and ABGB.

In the continuation of the previous work, we will investigate the quantum correc-
tions of massive scalar and fermion particles by using GUP effects. A brief outline
of the paper is given as follows. In Sec. 2, we provide the detail of hairy BH in
the existence of U(1) gauge SVT theories. In Sec. 3, we explore the GUP-corrected
Klein—Gordon equation for cubic and quartic interactions and examine the quantum
corrections of Hawking temperature for massive scalar particles for BH solution sur-
rounded by SVT theory, whereas Sec. 4 is devoted to the same analysis with Dirac
equation for fermion particles. Finally, the results of this paper are summarized
in Sec. 5.

2. Hairy Black Hole under Gauge-Invariant Scalar—Vector—Tensor
Theory

Black holes play a very essential role in general relativity. The Gibbons solution
which depicts a Reissner-Nordstrom BH with a nontrivial expansion field is con-
sidered as the first hairy BH whereas numerous ways run out scalar field hair in
asymptotically flat spacetime.?® However, more hairy BHs have gotten in models
motivated by string theory and counting expansion, curvature correction and many
other. By considering positive or negative cosmological constant, asymptotically
(anti)-de Sitter hairy BHs are obtained. Hairy BHs generally occur in natural mod-
els. However, large hairy BHs are regularly unstable and during perturbation they
lose their hair, although the stable ones are exceptionally little. The hairy BHs yield
as cosmologically large, which conflicts with the observation.!%? It will be very in-
teresting to evaluate the tunneling probability and corrected Hawking temperature
from such a BH. The metric of hairy BH for cubic and quartic interactions is defined

asl2
ds® = —Z(r)dt* + h™*(r)dr® + r*(d6® + sin® 6 d¢®) , (1)
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where for cubic interaction

oM Q? | 3/Q* 1
Z(r)=1-2 of =
(") r oz Tz TO\e )

2M Q? 263Q" L0 1
2M517"2 7M517"8 r9 )’

For quartic interaction

2M Q? 264Q% 2B, MQ? 384Q% 25662MQ2
Z(r)=1-—+ 2 - 2 2 - 1 2
r 2M]Dl7"2 Mplr4 Mplr5 E)Mplr6 7Mpl7"7

| B — 2851Q° — 256530 M)

; (2)
14M;}l7‘8
h(r) =1 — 2M " Q? B 284 M Q? n 261Q* _ 2Q%(83Q? — 6457 M?)
o r 2M§l7‘2 M]?lr5 5M;}l7‘6 7M§lr8 '

Here, M stands for BH mass and @ represents the charge of BH.

3. Scalar Particle Tunneling via Modified Klein—Gordon Equation

This section is based on the effects of GUP on the tunneling of massive scalar
particles from the hairy BH solutions for cubic and quartic interactions.

3.1. Cubic interaction for scalar particles

This section is devoted to studying the tunneling phenomenon of scalar particles for

given BH with cubic interaction and analyze the corresponding corrected Hawking
101

temperature. For this purpose, the modified Klein—-Gordon equation is given by
—(th)20'8,® = [(—1h)?0"0; + m2][1 — 26(—uh)20'9; + m2)P . (3)

The wave function @ for scalar field is given as
B(tr0.9) = | 11(0.7.0.9)]. (@)

we consider just first-order term in £, so the above Eq. (3) becomes

%(&1)2 = [h(r)(arf)2 + %2(80[)2 + 5o 9(a¢1)2 + mg}
X {1 - 28 (h(r)(arlf + %2(89])2 + 3 Siln2 0(@,])2 + mg)] . (5)

To solve this equation, the particle’s action is defined as
I=—-Et+W(r0) +jp. (6)
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Here, W (r, ) cannot be parted as W (r)©(6). For sake of simplicity, we can fix the
angle 6 at a particular value of 6.
At 6 = 6y, Eq. (5) gets the following form:

AW +BOW)2+C =0, (7)
here
5
A=-28r*(r), B=h*r)|1- 745;72 —4Bm} |,
72 sin” 0
-2 24 B2 2 2
& =miy 200 APMG) o 2

Z(r)

r2gin?0  rtsin*0  r2sin?0

After solving Eq. (7), we get
_ dr ar E? 52
== [ o 1+ B+ s+ ﬁm@eﬂ

x| E?2 —Z(r) mQ—L —23Z(r) L—i-ngZ('r)L—i—m4
0 0 rdsin? 0 0

72 sin? r2 sin?
(8)

After ignoring higher-order terms of B , we solve the above integral to calculate the
imaginary part of function at event horizon

W (r

_ Er?._ -
ImW(ry) =+ " N (1+43), (9)

where

=— (m2 4+ E? +j2(:sc20
. Foy) ~ )

Here, W and W_ are the radial functions for the outgoing and incoming particles,
respectively. The tunneling probability for scalar particles at r = r is given as
follows:

f\ _ f‘(Ou‘c) _ P [_%(Im W+):| = exp |: 4 Im W. :|
==z = = -3 +1 s
Piny  exp [— % (Im W,)} h
47r7"§r o
=exp|—-—(F) x (1+82)|. 10
p hA»r(T+)( ) x (1+ PE) (10)

For i = 1 and utilizing Boltzmann factor I = exp(Ti,), the modified temperature
H
can be obtained as

/ Aﬂ’ (7“+) o e
T, = ="V (1 — BE),
= H(1—BE) (11)
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where

Ty

1 |2M Q? 12Q433 0 1
S dmr |2 M ﬁﬂ"i M ﬁﬂ"i ri0 )

which is the original Hawking temperature of a corresponding BH.

3.2. Quartic interaction for scalar particles-1

Following the same procedure given in the preceding Sec. 3.1, for this line element
(2), we can calculate the corrected Hawking temperature with the effects of quantum
gravity for this BH. The modified Hawking temperature for quartic interactions can
be deduced as

/ AW (7‘+) _ A=

where the original Hawking temperature is

L |2M Q> 256MQ°BF  10B.MQ*  8B.Q°  18B.Q*

= 2 2 T 2.2 2,8 2.6 2.5 1,7
dmrs | e Mplr+ MplrJr Mplr Mplr 5Mpl7‘

Ty

| 12Q%(MZ Q%83 — 2853Q2 — 25683 M M)
7M§l7‘9

3.3. Quartic interaction for scalar particles-I1

The line element of BH for quartic interactions is defined as

ds? = —Z(r)dt* + b= (r)dr? + 2(d9? + sin® 0 d?), (13)
where
_ 2,2(1 _ B — >
Z(r) = (1 —M><L B 1) e AR (L B 1) ’
" 1+8064 T+
_ _A4R2,2(1 _ B3 — 2
h(r) = (1—M><L —1) B 2M)<L _1) ’
ry 1+ 854 T+
where 83 = % and f4 = %

i

Using the same formalism as defined earlier in Sec. 3.1 for this line element,
we obtain the corrected Hawking temperature with the effect of quantum gravity
for this BH. The modified Hawking temperature for quartic interactions is deduced
as

v

T Ao ( = Ty(1 - f2), (14)

__Ae(ry)
T 4mr2 (14 45)
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where the original Hawking temperature is

1
3 (r} +8M?2 Ba)

T = 5 (16 My (=3(p — DMy 53

+2(1 = 2u)B4) (r — ro)?(r} + 8M2Bs) — 32M 2 Byrt (1 — 2p) (r — )
— 4pMpyr (=3(n = 1)uMy 55 + 2(1 — 2u) 1)
—ry(u = 1)(r =) (r} +8MpyBa)* — 2 (ry + 8M7 84) (1 — 2p1)

— Ap MRy (r — 1) (=3(p — DMy B3 +2(1 = 2p)Ba)]

4. The Fermion Particles Tunneling via Modified Dirac Equation

In this section, we will focus on studying the effects of GUP on the tunneling
procedure of fermion particles from the hairy BH for cubic and quartic interactions.

4.1. Cubic interactions for fermion particles

In order to investigate the quantum tunneling of fermion particles for hairy BH,
the Dirac equation is given as follows”:

i’y”(@u+fll,)\ll+%\l'=0, v=0,1,2,3, (15)
where
® i aBy v 1. o oz ~a
Ql/ = gwu ﬁzaﬁ7 Eaﬁ = Zl[’y 7’7ﬁ]7 {’Y 77[3} = 277 ﬂ7 (16)

here, &,*? represents the spin connection which can be defined by the following
relation of tetrad g, i.e.

w0, 5 =e, "‘e)‘Bf‘ﬁA — e)‘ﬁ&,eA o (17)
and the 4”’s in curved spacetime can be defined as

;5/11 — el/ a;yot , {;ya,;yb} — 2§ab . (18)

The modified Dirac equation is defined as
— 3989, 0 = <Wa iR, + %) (1+ BR20;09 — Bm2)T | (19)
the above equation can be rewritten in the following form as
[moao + iy (1 — Bm2)0; + iBR250,(9;07) + %(1 + Bi20;07 — fm2)
— (1 0,0 — )|, (20)
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where W is generalized Dirac spinor. The Dirac gamma matrices y”’s can be
defined as

gt ) w3 3)

Z(r) —1

0 &t 0 &2
50 = /g% N = [gPP
Y g (51 0)7 0 g <~2 0)7

g

where /g% = L and /g% = —L— and Pauli sigma matrices 5’s can be expressed

rsin 6

(01 o (0 —i 4 (1 0
"_(10’ =\ o) 770 -1)

The wave functions can be defined as

as follows:

A(t7 T? 97 (p)

= 0 i
W(t,r0,0) = exp |—(t,r,0, , 21
A PN o ] (21)

0

where A(t,r,0,¢) and B(t,r,0, ) are arbitrary functions of spacetime coordinates.
Using Eq. (21) and values of gamma matrices in Eq. (20), we get the following set
of equations for first-order in & and 3, i.e.

1A

VZ(r)
+BBy/I(r) (0, 1) [1(r)(0,1)* + g” (00 1)* + %% (9, 1)°]
— AmoB[h(r)(9,1)* + ¢*° (06 1) + 7% (9,1)*]

(8eI) = Bv/h(r)(1 — Bmg)(9,1)

+ (1= Bmd)Amg =0, (22)
iB
VZ(r)

+ ABV/B(r) (0: D) [A(r) (D, 1)* + g% (06 1) + g## (9, 1)7]
—moBBh(r)(9,1)* + g”(9e1)* + 999 (9,1)°] = 0, (23)

(0I) — AV/I(r) (1 — Bm3)(9,1) + Bmo(1 — Bm)

B[~V/g%9(1 — Bm3)(9eI) — i(1 — Bm2)\/g?%(d,.])
+ B 1)V g% {h(r) (8. 1)% + g% (9p)? + g##(9,1)?}
+iBVgeP (0, 1) {h(r)(0:1)% + ¢"(0p1)? + g??(9,1)*}] =0,  (24)
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A[=Vg%(1 = Bm§)(9eT) — i(1 — Bm{) /g7 (9, 1)
+B(0e 1)\ g7 {h(r) (9. 1) + 9" (9p1)? + g% (D, 1)}
+iBVgPP (D, ){h(r)(0:1)* + g (0e1)? + g#¢(0,1)*}] =0.  (25)
By using separation of variables technique, we assume
I(t,r,6,0) = =Bt +W(r) + 6(6,9), (26)

where E represents energy of the particle, and Jy = 050, Jy = 040.

Using Eq. (26) in Egs. (22)—(25) and by focusing on Egs. (24) and (25), we ob-
serve that they are homogeneous after dividing by A and B. They can be rewritten
as

{Bh(r )W + gP B3T3 + Bg??J% — (1 - pmi)}
x [V/g%Jg +iv/g#?J,]) =0, (27)

here W/ = 0, W, Jg = 990 and 0, = 9,0.

In Eq. (27), /3 indicates the quantum gravity effects so it cannot be considered
as zero, thus the term in large bracket equals to zero and provides the solution of ©.
From Eq. (27), we can write the following expression:

(V9% Jp +in/gP?J,] = 0. (28)

After removing A and B from Egs. (22) and (23), we get homogeneous equations,
which generate

Us(0,W)® + Uy (0, W)* + Ua(8,W)? + Uy = 0, (29)
where
Us = B°h°Z,
Uy = Bh2Z(m2B + 268 —2),
U = hZ[(1 = fmg)* + B(2mg — 2mB — 25 + 5S?)]
Uo = mj(1 = pmg — BS)*Z — E?,
S =g%J5 + e ;.

From Eq. (28), we note that S = 0. Considering 8 only for first-order and solving
the above Eq. (29) at event horizon, which gives
~ E?
1 S+ =

W(r) = :I:/\/%\/m%(l —26m3)Z + E2 dr.
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The above equation implies

where

2
Y= (mg + me)).

The tunneling rate of scalar particles at » = r can be calculated as

. f:(out) _ exp{_%(ImW@)} — exp [—iIm WJF} ,
1_‘(in) exp |:_ % (Im w_ ):| h
~exp| AT j
_ exp{ A (E) x (1+ 52)] . (31)

The modified Hawking temperature can be obtained as

T/ Aﬂ’ (TJ,_ )

where

Tw

_ UM @ Qs /1
n 4mrd | r2 M]?lri TM2 9 i)

pl"+

which is the original Hawking temperature of a corresponding BH.

4.2. Quartic interaction for fermion particles-1

Following the same process, for line element (2) of quartic interactions, we calculate
the corrected Hawking temperature under the effect of quantum gravity. The mod-
ified Hawking temperature for quartic interactions of fermion particles is deduced
as

T/ Aﬂ’ (TJ,_ )

H H )
472 (1 + B%)
where
T — 1 |2M Q> 256MQ°BF  108.MQ° n 864Q? n 1864Q*
H = 471'7"_2|r ri Mglrf_ Mglri Mglr6 Mglr5 5M;}l7‘7

| 12Q%(M2QB3 — 2883Q2 — 25683 M>M)
7M;}l7‘9 ’

which is the original Hawking temperature of the corresponding BH.
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4.3. Quartic interaction for fermion particles-I1

By following the same procedure, given in the preceding Sec. 4.1 for line element
(13) of quartic interactions, we calculate the corrected Hawking temperature un-
der the effect of quantum gravity. The modified Hawking temperature for quartic
interactions of fermion particles is deduced as

A r (T+) 3
T, = 2 1o - By, (34)
T 42 (14 %)
where
1
Ty — S[=16pM2r (=3(i — 1)uM3 5

3 (rd + 8Mp21ﬁ4)

+2(1 = 2) Ba) (r — 74 )2 (. + 8 My Ba) + 32M Bart (1 — 2u) (r — 1)
+A4uM 2 (—=3( — D)uMZ53 + 2(1 — 2u)Ba)

g (= 1) (r =) (o +8M2 8% + 2% (1 + 8M84) (1 — 2p1)

+4pMR(r — ry ) (=3(p — DMy B3 +2(1 = 2p)B4)]

which is the original Hawking temperature of the corresponding BH.

5. Conclusion

In this work, we have analyzed the tunneling probability and corrected tem-
perature T}, of hairy BH for cubic and quartic interactions. For this purpose,
we utilized Hamilton—Jacobi ansatz and WKB approximation and considered the
modified Klein—-Gordon and Dirac equations for scalar and fermion particles, re-
spectively. We calculated corrected Hawking temperature for scalar and fermion
particles and radiated temperature looked over preserved energy and charge. By
utilizing modified Klein—-Gordon and Dirac equations, the corrected Hawking tem-
perature Tj; = Th(1l — A=) and T, = Tu(l - %) values have been computed
given in Egs. (11) and (32) by considering the effects of quantum gravity. We
have concluded that the quantum gravity effects increased the Hawking temper-
ature. We demonstrated that the corrected Hawking temperatures are not just
based on the properties of the BH, yet in addition depend upon the quantum
numbers, i.e. angular momentum, mass and energy of the transmitted particles.
The expression of the corrected Hawking temperature in Egs. (11) and (12) for
scalar particle look similar to the expression in Eqgs. (32) and (33) for fermion
particles but the angular momentum and mass are not same. Moreover, the BHs
with the quartic interactions have more Hawking temperature than BHs with cubic
interactions. We can conclude that the increasing number of interactions provide
more radiation.
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