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1. Introduction

From a theoretical point of view, black holes are one of the most fascinating objects predicted
by Einstein’s theory of relativity. There are many interesting phenomena related to the black hole

* Corresponding author at: Physics Department, State University of Tetovo, Illinden Street nn, 1200, Tetovo, Macedonia.
E-mail addresses: ali.ovgun@pucv.cl (A. Ovgiin), kimet.jusufi@unite.edu.mk (K. Jusufi).

https://doi.org/10.1016/j.a0p.2018.05.013
0003-4916/© 2018 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.aop.2018.05.013
http://www.elsevier.com/locate/aop
http://www.elsevier.com/locate/aop
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aop.2018.05.013&domain=pdf
mailto:ali.ovgun@pucv.cl
mailto:kimet.jusufi@unite.edu.mk
https://doi.org/10.1016/j.aop.2018.05.013

A. Ovgiin, K. Jusufi / Annals of Physics 395 (2018) 138-151 139

physics, in particular the Hawking radiation process [1,2]. In 1970s, Bekenstein had an amazing
insight, namely he conjectured that the black-hole entropy should be proportional to the area of the
event horizon [3,4]. Then in 1974 Hawking made a major step forward toward understanding the
quantum nature of black holes by arguing that black holes should radiate quanta of particles due to
the quantum effects in the curved spacetime [1,2].

In a seminal paper, Parikh and Wilczek discovered that Hawking radiation can be described in
terms of the tunneling formalism due to the conservation of energy. Moreover, they showed that the
exact spectrum is not precisely thermal [5,6]. Then Corda showed that it is not hardly continuous
so that it provides the link between quasinormal modes (QNMs) and Hawking radiation (HR) [7-9].
Furthermore, another important contribution was made by Hod who argued that the quantization of
a black hole area can be estimated by the asymptotic value of its QNMs [10-19]. In 2008, Maggiore
corrected Hod’s conjecture by calculating the area of the horizon of a Schwarzschild black hole as
AA = 8711%,,, where [y is the Planck length in contrast with the Hod’s result of AA = 41In(3 )l2 [20].
Since then, black holes have been widely studied in fact, physicist tend to believe that black holes
might provide the key to understand the ultimate quantum theory of gravity [21-46]. In this direction
one can point out the information loss paradox which continues to attract a lot of interest.

On the other hand, greybody factors and QNMs have attracted a lot of interest in the recent
years [47-149]. Due to the nontrivial geometry of the spacetime metric Hawking radiation deviates
from a pure thermal nature. Some part of the waves will be reflected back to the black hole due to
effective potential barrier as a result of the gravitational field. One can use greybody factors to calculate
the reflection coefficient, absorption cross section and the flux of these fields. On the other hand,
QNMs are used to test the stability of astrophysical objects or fields in a given spacetime background
geometry. Furthermore QNMs play a crucial role in the study of gravitational waves which has been
recently discovered by LIGO [150]. Quasinormal modes are considered as fingerprints which help us
to directly identify the black hole existence by detecting gravitational waves. It is amazing that we can
estimate the black hole mass, or angular momentum parameter, by detecting gravitational waves.

In this paper we study the greybody factors and the QNMs by performing a massless scalar field
perturbations of f(R) gravity minimally coupled to a cloud of strings in 2 + 1 dimensions (CSBHs).
Since the paper of Banados, Teitelboim and Zanelli (BTZ) black hole [ 151], black hole solutions in 2 + 1
dimensions have became more important according to many reasons. One of the reason to study on
the lower dimensions is to simplify calculations. Without adding new sources, it is not possible to
find the black hole solutions in spacetime lower than four dimensions. For this reason, authors added
source of cloud of strings and minimally coupled to f(R) gravity [152]. The energy-momentum of the
cloud of strings in 2 + 1 dimensions are at the order of —, on the other hand the energy-momentum
of the electromagnetic sources are of the order - 2 The cloud of strings make weaker the singularity
atr = 0, with compared to the other sources, that motive the authors to study on it.

The paper is organized as follows. In Section 2, we review the 2+ 1 dimensional CSBHs. In Section 3,
we shall consider a massless scalar field perturbation. In Section 4, we find an analytical solution to
the radial wave equations. Among other thing we shall discuss the stability and calculate the greybody
factors such as the reflection coefficient, absorption cross section and the flux.

2. 2 + 1 dimensional CSBHs

The action of a f(R) gravity coupled to the cloud of strings in 2 + 1 dimensional spacetime is given
by [152]

V=g f(R)dx + Scn, 1
= 167G / g f(R)d”X + Sen (1)
where the second term is the Nambu-Goto action
Sen = / my/—hdr%d)!. (2)
z

Note that m is a positive constant related to the tension of the string and (AO, }J) are the string
parameters. The energy-momentum tensor is written as

THe gy

N

" =p (3)
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where p is the energy density, X*" is the spacetime bi-vector. Furthermore h = det(hg,) gives the
determinant of the induced metric

ax* 0x"
FYPirews (4)
OAT OA

Letting f(R) = R, it was found a static, circularly symmetric spacetime that was also found in the
context of the massive gravity theory given as follows [152,153]

hay = 8

ds® = —f(r)dt* +f(r)"'dr* + r*d6*, (5)

where the metric function f(r) is given by

f(r)=—M + 2&r, (6)
and the Ricci scalar is
48

Note that the & is a constant which can be positive (black hole) or negative (naked singularity). The
event horizon for the positive £ which represents black hole is located at

M

m=—. 8
"2 (8)
Furthermore, we can write the metric function in terms of the horizon as follows:
f(r) =280 —m). 9

In the next section we shall investigate a scalar perturbation in the CSBHs spacetime metric given
by Eq. (5).

3. Scalar perturbation of 2 + 1 dimensional CSBHs

In this section, we solve a scalar field equation, namely Klein-Gordon equation on the background
of 2 + 1 dimensional CSBHs:

1

du(v/—gg""0,@) =0, (10)
V=g " '
using the ansatz,
@ = e @teMIR(r). (11)
The radial equation component of Eq. (10) is
1 f w? m?
R+(-+=)R+(—=—-=|R=0, 12
t(GE )R (- (12)

where the prime’ = %.
After we define R(r) = L\/? and the tortoise coordinate r, coordinate r, given as

dr In(r —ry)

= —_— =, 13
T O 2% (13)
it is possible to find a Schrodinger-like equation given by
dZ
<dz +w? — veff(r)> ¢(r) =0. (14)
r*

Note that the effective potential Vg (r) is given by,

m*f(r)  f(r* _f(r)
2 42 +f 2r (15)

Ve (T) =



A. Ovgiin, K. Jusufi / Annals of Physics 395 (2018) 138-151 141

Furthermore from Eq. (13) one can see that

r—m=expér.), (16)

for the case of r — 1, r, — —o0, and for the case of r — oo, 1, — 00. We make coordinate
transformation from r to z to analytically obtain the solution of the wave equation:

z:(r_rh>, (17)
r

then Eq.(12) becomes,
d?R dR
z(1—2)—+(1—-2z)— +P(z)R=0. (18)
dz? dz
Here,
A B
P(z) =~ -C 19
@=7+— (19)
where,
»? w? m?
4g? 4g? 2mé

It is noted that the new horizon is located at z = 0 and there is an infinity at z = 1.
4. Greybody and QNMs of 2 + 1 dimensional CSBHs

In this section, we study the greybody factors and QNMs of 2 + 1 dimensional CSBHs.
4.1. Exact solution in terms of hypergeometric functions

To calculate the greybody, we first define R as,

R(z) = z°(1 — 2)PF(2), (21)

the radial equation given in Eq. (18) reduces to following equation

2

d°F dF
z(1—2)— + (1 +2a — (1 4+ 2a + 28)z) —
Tdz? dz

A B -
+ <7+ —C>F=0, (22)
z 14z

where
A+a?,
=B+ B
C=C+(a+p>
Demanding that A = B = 0, we can determine the « and g as follows

o >
I

1w

=+—, 23
ot 26 (23)
1 iyJw? — &2
o= -+ o' =& (24)
2 2¢
If we introduce the following parameters c, a, b as follows
c =142, (25)
a=a+p+iVC, (26)

b=a+p—iVC, (27)
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then Eq. (18) resembles the hypergeometric differential equation which is of the form [154],

d’F dF

z(1—z)— +(c—(1+a+b)z)— —abF =0. (28)
dz? dz

Using a simple arithmetic we find the following relations for these parameters

Cla=14 %") (29)
1 (ot /o?—§2 m

=il ———+—, (30)
2 2 VM
1 [o+Jo?—E2 m

b, =il ——+—]. (31)
2 2 VM

Note that w? > &2 for large frequencies. The general solution for the radial part on the other hand is
given in terms of the hypergeometric function F(z) given by,

F(z) = CiF(a,b;c;2)+ Gz Fla—c+1,b—c+ 1:2 —c; 2) (32)

where C; and C, are constants.
4.2. Near horizon solutions

Now, we study the near horizon solutions of the wave equation. Let us recall Eq. (17) by rewriting
it in the following form

z=1-"1 (33)
r
and
Ty = 1 In <72$r - M) (34)
26 26

in the “tortoise” coordinate. If one approach to horizon r — 1y, it follows z — 0 and the solution
becomes the function R(z) = A;e*™ + A,e~*"_ Choosing @ = «_ and B = B, it reduces to
—iw iw
Rz — 0)=A1z% +Az%, (35)
with z written as follows

s r—r, _ exp(26ry)
oo Th .

(36)

The hypergeometric function has two linearly independent solutions with the generic radial solution
for R(z) which can be written as,

—iw l+i«/(027§2
R(z) = A1z % (1 —z)2 2§ F(a,b;c;2)
i 1, e
+Az% (1 —2)2 2% F(a—c+1,b—c+1;2—c;2), (37)

where A; and A, are constants and the ingoing wave is shown by first term and the outgoing wave is
defined for second term [ 155]. Then we impose the condition that there should be only purely ingoing
wave at the horizon so that we choose A; # 0 and A, = 0. Therefore the solution becomes [155,156],

in/w?—g2

—iw 1
Rz — 0) = Az % (1 —2z)2" 2¢ (38)
x F(a,b;c;z).
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4.3. Solutions at asymptotic region
To find the far field solution r > ry we notice that f(r) ~ 2&r and the mass term dominates over

the frequency and angular momentum, and thus the differential equation for the radial part and after
it is expanded, the Euler’s equation is formed as follows:

R’ + 2R + kR =0, (39)
where k = —B. Then we calculate the solution of the Euler’s equation
T\ P1 Th\ P2
R =Di(2)" ()", (40)
r r
with
1++/1+4B
p=——0— = (41)
and
1—+/1+4B
pzzf:“—ﬁ) (42)

In terms of the tortoise coordinate r, the solution takes the form of plane waves when the root r
is complex.

4.4. Matching the solutions

In this section, we match the solution of near horizon in Eq. (38) and the solution of asymptotic
region (the large r limit or the z — 1) in Eq. (40). To this end, we use the transformation of the
hypergeometric function in Eq. (40) of the form

rc)(c—a-—>h)
F(a,b,c,z) = ——  F(a,b;a+b—c+1;1—2z
( ) I'(c —a)l'(c —b) ( * * )
c_ap () (a+b—c)
I'(a)I"(b)

Thus we find the general solution of asymptotic region in terms of the parameters a, b, c as

follows:

+ (1 -2) F(c—a,c—b;c—a—b+1;1—-2). (43)

—iw 1, e P(c)[(c —a—b)
_ ) 2T 2 A S

Riz) =A1z2% (1-2) g F(c—a)F(c—b)F]

We 2 rera+b—o

I'(a)I"(b)

—iw 1
+ Az % (1-2)2 F, (44)
where we have introduced
Fi = F(a,b;a+b—c+1;1—2),
F, =F(c—a,c—b,c—a—b+1;,1-2).
After we take the limitz — 1, it is easy to see that the solution for R(z) at asymptotic region reads:

1, /e¢2 ()M (c —a—b)
_ _ 7+ 2 — <
Rz — 1)=A(1-2) : I'(c —a)(c —b)

1,‘\/02)2{52 re)yra+b—rc)

Ay(1—12)2 45
+ Aq( z) (@) (b) (45)
By introducing the coefficients D; and D;:
rc)f(c—a—»n
D, = A, () (c—a—D) (46)

I'(c —a)'(c —b)’
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I'(c)l'(a+b—rc)

D :A . 47
» = Aq RORO (47)
and make use of the fact that
1-z="1 (48)
r

the radial solution R(r) for r — oo (or z — 1) is written as follows:

1, in/ 0?82 2
_ 2t 2% . &
R(r — oo) = Dyr,, exp | —iwry,/ 1 — — = Ery
10}
1 infe?—£2 £2
+ Dor, % exp |iwra/1— = £ ). (49)
()

The first (second) term represents the ingoing (outgoing) wave, respectively. The presence of r,
terms is not important they are absorbed into D; and D;.

4.5. Reflection coefficient

The reflection coefficient )i can be defined as,

2
Dy
R=|— 50
D, (50)
Note that we have used the identities for I" functions given by,
T
r _ 51
TP = s (51)
1 b4
r=+i = —, 52
| (2 + P cosh(my) (52)
P+ = — (53)
sinh(ry)
We find
cosh[z (2 ”;g - % ] cosh[r (2 x/zag _e2 %)]
N = M (54)
cosh[r( w+'w L f)] cosh[r (2 VZE — \/lm)]

and then plot the reﬂectlon coefficient 9 in Fig. 1.
Note that the reflection coefficient goes to zero at the limit of large @ as shown in Fig. 1 which
means that a black hole absorbs more at high energies than the smaller energies.

4.6. Flux calculation and greybody factors

Here, the flux of the ingoing/outgoing waves is studied to obtain the absorption cross section at
the horizon and infinity. For this purpose, we define the conserved flux

Fo (R*f( IR _ R(r)f(r)dR*) ,
i dr dr

where f(r) = 2&(r — ry,). After we use the R(r) at the horizon, the ingoing flux becomes,

(55)

F(r = ) = 47|APo. (56)
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Fig. 1. The reflection coefficient against w. We have chosen M = 1,& = 0.2, m = 2, for the red line; M = 1,& = 0.25,m = 2
for the green line, and M = 1.5, & = 0.25, m = 2, for the blue line. (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)
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Fig. 2. The absorption cross section against w is plotted for three cases. We have chosen M = 1,§ = 0.2,m = 1.4;M = 1.1, for

the red curve; § = 0.22,m = 1.6;M = 1.2, for the green curve; and § = 0.21, m = 1.58, for the blue curve. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

Then we use Eq. (54) to find the incoming flux at infinity as follows:

& (57)

F(r — 00) = 4nw|Dy[* /1 - 2.
w
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The partial wave absorption (greybody factor) is defined as [144],

F(r T
_ S (58)
F(r — 00)
By substituting the above expression simplifies to,
I'(a)r(b
o — w (a)I"(b) |2 (59)
w2 —g2 I'(c)l'(a+b—c)
Using the values of parameters a, b, c we can rewrite the above result also as
sinh (%) sinh ("V“;_Ez)
o (60)

o WA w?—E2 m oA w?—£2 m '
COSh[ﬂ(f + ﬁ)] COSh[Tr(T — W)]
The greybody factor (the absorption cross section) in 2 4+ 1 dimensions is also written as oz, =

o /w[121,157]. Hence, the absorption cross section is obtained as follows:

2w 2 u)z—éz
(ei — 1) e ¢ -1

UabS: w+ wszz m
()
1
x (61)

271(”"*’“/”’2_62,&) ’
e 5 M4 1

and it is plotted in Fig. 2.

4.7. Decay rates

Then the decay rate is obtained as follows:

Oabs
Fdecay = m (62)
The black hole temperature is found to be
§
Ty = —. 63
"7 on (63)
Therefore the decay rate for this black hole is found as follows:
2nAf 2 —£2
e § -1
F =
decay 2n(w+m+i)
wle 5 M 41
1
(64)

w+ (:)2—52 m ’
(6271(5 _W) + l)

where we plot the decay rate against w in Fig. 3.
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Fig. 3. We plot the decay rate against w for three cases. We have chosen M = 1, = 0.2, m = 1.4, for the red curve; M = 1.1,
& = 0.22, m = 1.6, for the green curve; M = 1.2, = 0.21, m = 1.58, for the blue curve. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

4.8. QNMs of a scalar field in the 2 4+ 1 dimensional CSBHs

To calculate the QNMs of the scalar field in the 2 4+ 1 dimensional CSBHs, first we use the condition
of Dirichlet, where the amplitude of the ingoing wave is taken zero (D; = 0). Then, using the vanishing
of the incoming flux from infinity Fs,, we obtain |D;|?> = 0. Afterwards, the QNMs are calculated as
follows:

D, = F(C)F(c—a—b), (65)
I'(c—a)(c—Db)

It is noted that the function I"(x) has polesatc —a = —nandc — b = —nforn = 0, 1, 2... For the
condition of vanishing D at these poles, we find this relation:

1 [o+Jo?—E2 m o\
2—1(2%_ :F\/M>_—n. (66)

In order to find stable solution we impose the following condition

,/1—5)—22>o, (67)

provided w > &. Having stable QNMs, one must have Imw < 0, hence by combining two equations
given by Eq. (67) we find
nn+1
oy = —2i M DE (68)
2n+1

Having stable QNMs, one must have Imw < 0, hence the negative sign in the last equation clearly
indicates stability in the propagation of a scalar field in background of 2 4+ 1 dimensional CSBH.
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However choosing 8 = B_, it is possible to obtain a new set of QNMs

1 [o+Jo?—E2 m
—+i|l——>F — ] = —n, 69
5 ( 2% ¥ m (69)
which then lead to
1
o, =2i AT DE (70)
2n+1

which means an instability of the propagation of a scalar field in this case. To this end, we shall
accept only the first case, namely the stable solution as a physical solution.
Let us use Eq. (70) to calculate the transition frequency as follows

Aw = Im ( ) an’s (71)
w = wWp—1 — W = — 0.
I T
In particular for highly damped modes this relation becomes
. 4n’g

a0 = lim (=) =& 72)

where the surface gravity is given by
27T,
K = 7;_1 H . (73)

Note that in the last equation we have introduced the Planck constant. Furthermore from Eq. (63)
we see that « = &. Considering the adiabatic invariance which is defined as

Ty AS
Laap =/7H i (74)
Aw

at this point, we make use of the quantization condition which basically says that Igy » = nf, thus the
entropy is found to be

SBH,n = 2nn. (75)

Finally, we use this result to find the area spectrum as follows

ABH,n = 4hSBH,n = 8z hn. (76)

The last result is in perfect agreement with the Bekenstein's conjecture [A, = enh] [3,4]. Yielding
the minimum change to the area of the horizon AA,;, = A, — Ap_1 = 8mh with € = 8.

5. Conclusion

In this paper we have calculated QNMs and greybody factors of a massless scalar field in the
background of 2 + 1 dimensional CSBH exactly. Firstly, we have performed exact analytic solution
to the field equations and computed the reflection coefficient, absorption cross section, decay rate in
terms of the hypergeometric functions, and also Hawking temperature. Secondly, we have analyzed
QNMs and found a stable solution in the case when 8 = . satisfying the equation

2in(n—l—l)g.

77
2n+1 (77)

Wy = —

Contrary to this case, we find an instability in the case when we choose 8 = S_. The calculations of
QNMs are calculated analytically and show the effect of the cloud of strings on the QNMs as follows:
nn+1
REPTLIGR DL
2n+1
Only the stable solution make sense, in this way we can say that the stable QNMs relation (77) can be
accepted as a physical solutions.

(78)
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