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We investigate the Hawking radiation of vector particles from the apparent horizon of a Friedmann-Robertson-Walker (FRW)
universe in the framework of quantum tunnelling method. Furthermore we use Proca equation, a relativistic wave equation for
a massive/massless spin-1 particle (massless 𝛾 photons, weak massive 𝑊± and 𝑍0 bosons, strong massless gluons, and 𝜌 and 𝜔
mesons) together with a Painlevé space-time metric for the FRW universe. We solve the Proca equation via Hamilton-Jacobi (HJ)
equation and the WKB approximation method. We recover the same result for the Hawking temperature associated with vector
particles as in the case of scalar and Dirac particles tunnelled from outside to the inside of the apparent horizon in a FRW universe.

1. Introduction

In early 1970s, Hawking came with an idea that black holes
emit thermal radiation because of the quantum effects near
the event horizon [1–3]. It means that black holes are not
completely black. This may meet an interesting experimental
base for searching the vertex of general relativity and quan-
tummechanics. Unfortunately, the temperatures of Hawking
radiation from black holes are far too small to be observed
within the near future.

Since Hawking, many derivations of this radiation have
been made. Most famous derivation is made by Parikh
and Wilczek in which they use a tunnelling process with
a semiclassical WKB approximation [4–12]. A number of
important contributions have been done using different types
of spherically symmetric and stationary black holes, for
different types fields and corresponding particles such as
scalar as well as for Dirac particles [13–26].

Besides the progress in the field, there are a number
of conceptual problems related to Hawking radiation. For
example, the information loss paradox remains still unsolved.

Furthermore there is no agreement among physicists whether
this radiation is produced near the event horizon or in some
larger region surrounding the black hole (see, e.g., [27]).
If we assume that Hawking quanta are located very close
to the event horizon, there is a problem when considering
the infinite blueshift. In fact, it is interesting to note that,
according to the tunnelling method, this process took place
near the event horizon. However, recent studies show that
quantum gravity effects and the nature of particles may affect
the Hawking temperature. That is to say, when the GUP
effects are introduced, the Hawking quanta near the event
horizon can never be infinite-blue shifted due to the existence
of minimal length [28].

Recently the quantum tunnelling of scalar and Dirac
particles from the apparent horizon in a FRW universe
has been investigated in [29–32]. On the other hand, since
the famous thermodynamical derivation of Einstein’s field
equation by Jacobson [33], thermodynamical aspects of the
apparent horizon in for FRW universe have been widely
studied in the context of different gravity theories [34]. In this
paper, we shall extend the work of Cai et al. [31] to explore
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the Hawking radiation of massive/massless spin-1 particles in
the framework of quantum tunnelling method to compute
Hawking temperature from the apparent horizon of a FRW
universe.

This paper consists of three main parts. In Section 2, we
give a brief review and introduce a Painlevé-type space-time
metric for the FRW universe and then investigate the Hawk-
ing radiation of massive bosons via tunnelling. In Section 3,
we apply the same method, namely, the HJ equation to the
massless Hawking quanta (photon particles), and derive the
Hawking temperature from the apparent horizon of a FRW
universe. Finally, in the last part, we conclude our paper.

2. Hawking Radiation of Massive
Bosons via Tunnelling

The FRW universe can be described by the following metric:

𝑑𝑠2 = −𝑑𝑡2 + 𝑎2 (𝑡) ( 𝑑𝑟21 − 𝑘𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2sin2𝜃𝑑𝜑2) , (1)

in which 𝑎(𝑡) is the scale factor and 𝑘 encodes the geometry
of FRW universe. In particular, 𝑘 = −1, 0, 1 corresponds to
a closed, flat, and open universe, respectively. Introducing
a new coordinate transformation 𝑟 = 𝑟𝑎, the above metric
reduces to

𝑑𝑠2 = ℎ𝑎𝑏𝑑𝑥𝑎𝑑𝑥𝑏 + 𝑟2 (𝑑𝜃2 + sin2𝜃𝑑𝜑2) . (2)

From this equation we can define the apparent horizon as
follows:

ℎ𝑎𝑏𝜕𝑎𝑟𝜕𝑏𝑟 = 0. (3)

Then one can show the following relation for the apparent
horizon:

𝑟𝐴 = 1√𝐻2 + 𝑘/𝑎2 , (4)

where 𝐻 = ̇𝑎/𝑎. Using 𝑟 = 𝑟𝑎, one can find Painlevé-type
coordinates for FRW universe metric as follows:

𝑑𝑠2 = − 1 − 𝑟2/𝑟2𝐴1 − 𝑘𝑟2/𝑎2 𝑑𝑡2 − 2𝐻𝑟1 − 𝑘𝑟2/𝑎2 𝑑𝑡𝑑𝑟
+ 11 − 𝑘𝑟2/𝑎2 𝑑𝑟2 + 𝑟2 (𝑑𝜃2 + sin2𝜃𝑑𝜑2) .

(5)

Later on, we shall use this metric to study the tunnelling
of massive/massless bosons. Particles are nothing else but
excitations of some fields; in particular vector particles are
excitations of vector fields Ψ𝜇 which are described by the
relativistic wave equation known as Proca equation

1√−𝑔𝜕𝜇 (√−𝑔Ψ]𝜇) + 𝑚2ℏ2 Ψ] = 0, (6)

and in order to solve the Proca equation we shall employ the
following ansatz for our vector field Ψ] as follows:

Ψ𝜇 = 𝐶𝜇 exp( 𝑖ℏ𝑆 (𝑡, 𝑟, 𝜃, 𝜑)) . (7)

On the other hand an observer will detect Hawking
quanta. Before we shall go on to separate the variables in
the action for the Hawking quanta one must consider the
Kodama vector. The physical significance of the Kodama
vector is related to the energy of those Hawking quanta
measured by the Kodama observer

𝜔 = −𝐾𝑎𝜕𝑎𝑆 = −√1 − 𝑘𝑟2𝑎2 𝜕𝑡𝑆, (8)

in which the Kodama vector is defined via

𝐾𝑎 = √1 − 𝑘𝑟2𝑎2 ( 𝜕𝜕𝑡)
𝑎 . (9)

In terms of the above relations one may choose the
following form to the action for the Hawking quanta:

𝑆 (𝑡, 𝑟, 𝜃, 𝜑) = −∫ 𝜔√1 − 𝑘𝑟2/𝑎2 𝑑𝑡 + 𝑅 (𝑟) + 𝑃 (𝜃, 𝜑) . (10)

Substituting our action (10) into (6) and (7) in a Painlevé-
type space-time metric (5) for the FRW universe, we find the
following set of four differential equations:

0 = −[
[
𝑔 (𝑟) sin2𝜃 (𝜕𝜃𝑃)2 + 𝑔 (𝑟) (𝜕𝜑𝑃)2 + sin2𝜃𝑟2 (𝑔 (𝑟)𝑚2 − 𝑡𝐸 (𝑟) 𝐸 (𝑟) + 𝐸 (𝑟) 𝑅 (𝑟))

Δ (𝑟) sin2𝜃𝑟2 ]
]
𝐶1

− [𝑔 (𝑟) 𝐸 (𝑟) 𝑡 − 𝑔 (𝑟) 𝑅 (𝑟) + ℎ (𝑟) 𝐸 (𝑟)Δ (𝑟) 𝑟2 ] (𝜕𝜃𝑃)𝐶2 − [𝑔 (𝑟) 𝐸 (𝑟) 𝑡 − 𝑔 (𝑟) 𝑅 (𝑟) + ℎ (𝑟) 𝐸 (𝑟)Δ (𝑟) sin2𝜃𝑟2 ] (𝜕𝜑𝑃)𝐶3

− [
[
ℎ (𝑟) sin2𝜃 (𝜕𝜃𝑃)2 + ℎ (𝑟) (𝜕𝜑𝑃)2 + sin2𝜃𝑟2 (𝑡2𝐸 (𝑟)2 + ℎ (𝑟)𝑚2 − 2𝑡𝑅 (𝑟) 𝐸 (𝑟) + 𝑅 (𝑟)2)

Δ (𝑟) sin2𝜃𝑟2 ]
]
𝐶4,



Advances in High Energy Physics 3

0 = [
[
𝑓 (𝑟) sin2𝜃 (𝜕𝜃𝑃)2 + 𝑓 (𝑟) (𝜕𝜑𝑃)2 + sin2𝜃𝑟2 (𝑓 (𝑟)𝑚2 − 𝐸 (𝑟)2)

Δ (𝑟) sin2𝜃𝑟2 ]
]
𝐶1

+ [𝑓 (𝑟) 𝐸 (𝑟) 𝑡 − 𝑓 (𝑟) 𝑅 (𝑟) − 𝑔 (𝑟) 𝐸 (𝑟)Δ (𝑟) 𝑟2 ] (𝜕𝜃𝑃)𝐶2 + [𝑓 (𝑟) 𝐸 (𝑟) 𝑡 − 𝑓 (𝑟) 𝑅 (𝑟) − 𝑔 (𝑟) 𝐸 (𝑟)Δ (𝑟) sin2𝜃𝑟2 ] (𝜕𝜑𝑃)𝐶3

− [
[
𝑔 (𝑟) sin2𝜃 (𝜕𝜃𝑃)2 + 𝑔 (𝑟) (𝜕𝜑𝑃)2 + sin2𝜃𝑟2 (𝑔 (𝑟)𝑚2 − 𝑡𝐸 (𝑟) 𝐸 (𝑟) + 𝐸 (𝑟) 𝑅 (𝑟))

Δ (𝑟) sin2𝜃𝑟2 ]
]
𝐶4,

0 = [𝑓 (𝑟) 𝐸 (𝑟) 𝑡 − 𝑓 (𝑟) 𝑅 (𝑟) − 𝑔 (𝑟) 𝐸 (𝑟)Δ (𝑟) 𝑟2 ] (𝜕𝜃𝑃)𝐶1

+ [[
[
Δ (𝜕𝜃𝑃)2 + sin2𝜃𝑟 (𝑡2𝑓 (𝐸 (𝑟))2 − 2𝑡𝐸 (𝑟) (𝑔𝐸 + 𝑓𝑅 (𝑟)) + 𝑚2Δ + 2𝑔𝐸𝑅 (𝑟) − 𝐸2ℎ + 𝑓 (𝑅 (𝑟))2)

Δ (𝑟) sin2𝜃𝑟4 ]]
]
𝐶2

− (𝜕𝜃𝑃) (𝜕𝜑𝑃)𝑟4sin2𝜃 𝐶3 + [𝑔 (𝑟) 𝐸 (𝑟) 𝑡 − 𝑔 (𝑟) 𝑅 (𝑟) + ℎ (𝑟) 𝐸 (𝑟)Δ (𝑟) 𝑟2 ] (𝜕𝜃𝑃)𝐶4,

0 = [𝑓 (𝑟) 𝐸 (𝑟) 𝑡 − 𝑓 (𝑟) 𝑅 (𝑟) − 𝑔 (𝑟) 𝐸 (𝑟)Δ (𝑟) sin2𝜃𝑟2 ] (𝜕𝜑𝑃)𝐶1 − (𝜕𝜃𝑃) (𝜕𝜑𝑃)𝑟4sin2𝜃 𝐶2

+ [[
[
Δ (𝜕𝜃𝑃)2 + 𝑟 (𝑡2𝑓 (𝐸 (𝑟))2 − 2𝑡𝐸 (𝑟) (𝑔𝐸 + 𝑓𝑅 (𝑟)) + 𝑚2Δ + 2𝑔𝐸𝑅 (𝑟) − 𝐸2ℎ + 𝑓 (𝑅 (𝑟))2)

Δ (𝑟) sin2𝜃𝑟4 ]]
]
𝐶3

− [𝑔 (𝑟) 𝐸 (𝑟) 𝑡 − 𝑔 (𝑟) 𝑅 (𝑟) + ℎ (𝑟) 𝐸 (𝑟)Δ (𝑟) sin2𝜃𝑟2 ] (𝜕𝜑𝑃)𝐶4,
(11)

where we have introduced

𝑓 (𝑟) = 1 − 𝑟2/𝑟2𝐴1 − 𝑘𝑟2/𝑎2 ,
𝑔 (𝑟) = 𝐻𝑟1 − 𝑘𝑟2/𝑎2 ,
ℎ (𝑟) = 11 − 𝑘𝑟2/𝑎2 ,

𝐸 (𝑟) = 𝜔√1 − 𝑘𝑟2/𝑎2 ,
Δ (𝑟) = 𝑓 (𝑟) ℎ (𝑟) + 𝑔 (𝑟)2 .

(12)
Then by using a 4×4matrixΞ and a vector (𝐶1, 𝐶2, 𝐶3, 𝐶4)

the following matrix equation is satisfied:

Ξ (𝐶1, 𝐶2, 𝐶3, 𝐶4)𝑇 = 0. (13)

Moreover this matrix is characterised by the following
nonzero matrix elements:

Ξ11 = Ξ24 = −𝑔 (𝑟) sin2𝜃 (𝜕𝜃𝑃)2 + 𝑔 (𝑟) (𝜕𝜑𝑃)2 + sin2𝜃𝑟2 (𝑔 (𝑟)𝑚2 − 𝑡𝐸 (𝑟) 𝐸 (𝑟) + 𝐸 (𝑟) 𝑅 (𝑟))
Δ (𝑟) sin2𝜃𝑟2 ,

Ξ12 = −Ξ34 = −[𝑔 (𝑟) 𝐸 (𝑟) 𝑡 − 𝑔 (𝑟) 𝑅 (𝑟) + ℎ (𝑟) 𝐸 (𝑟)Δ (𝑟) 𝑟2 ] (𝜕𝜃𝑃) ,
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Ξ13 = Ξ44 = −[𝑔 (𝑟) 𝐸 (𝑟) 𝑡 − 𝑔 (𝑟) 𝑅 (𝑟) + ℎ (𝑟) 𝐸 (𝑟)Δ (𝑟) sin2𝜃𝑟2 ] (𝜕𝜑𝑃) ,

Ξ14 = −ℎ (𝑟) sin2𝜃 (𝜕𝜃𝑃)2 + ℎ (𝑟) (𝜕𝜑𝑃)2 + sin2𝜃𝑟2 (𝑡2𝐸 (𝑟)2 + ℎ (𝑟)𝑚2 − 2𝑡𝑅 (𝑟) 𝐸 (𝑟) + 𝑅 (𝑟)2)
Δ (𝑟) sin2𝜃𝑟2 ,

Ξ21 = 𝑓 (𝑟) sin2𝜃 (𝜕𝜃𝑃)2 + 𝑓 (𝑟) (𝜕𝜑𝑃)2 + sin2𝜃𝑟2 (𝑓 (𝑟)𝑚2 − 𝐸 (𝑟)2)
Δ (𝑟) sin2𝜃𝑟2 ,

Ξ22 = Ξ31 = [𝑓 (𝑟) 𝐸 (𝑟) 𝑡 − 𝑓 (𝑟) 𝑅 (𝑟) − 𝑔 (𝑟) 𝐸 (𝑟)Δ (𝑟) 𝑟2 ] (𝜕𝜃𝑃) ,

Ξ23 = Ξ41 = [𝑓 (𝑟) 𝐸 (𝑟) 𝑡 − 𝑓 (𝑟) 𝑅 (𝑟) − 𝑔 (𝑟) 𝐸 (𝑟)Δ (𝑟) sin2𝜃𝑟2 ] (𝜕𝜑𝑃) ,

Ξ32 = Δ (𝜕𝜃𝑃)2 + sin2𝜃𝑟 (𝑡2𝑓 (𝐸 (𝑟))2 − 2𝑡𝐸 (𝑟) (𝑔𝐸 + 𝑓𝑅 (𝑟)) + 𝑚2Δ + 2𝑔𝐸𝑅 (𝑟) − 𝐸2ℎ + 𝑓 (𝑅 (𝑟))2)
Δ (𝑟) sin2𝜃𝑟4 ,

Ξ33 = Ξ42 = −(𝜕𝜃𝑃) (𝜕𝜑𝑃)𝑟4sin2𝜃 ,

Ξ43 = Δ (𝜕𝜃𝑃)2 + 𝑟 (𝑡2𝑓 (𝐸 (𝑟))2 − 2𝑡𝐸 (𝑟) (𝑔𝐸 + 𝑓𝑅 (𝑟)) + 𝑚2Δ + 2𝑔𝐸𝑅 (𝑟) − 𝐸2ℎ + 𝑓 (𝑅 (𝑟))2)
Δ (𝑟) sin2𝜃𝑟4 .

(14)

In order to see the physical significance of these equations
let us first solve detΞ = 0, to find the following equation:

1
sin8𝜃Δ (𝑟) 𝑟12 [((𝑚2sin2𝜃𝑟2 + (𝜕𝜑𝑃)2)Δ (𝑟) (𝜕𝜃𝑃)2)

+ 42𝑚Δ (𝑟) 𝑟4sin2𝜃 (𝜕𝜃𝑃) (𝜕𝜑𝑃) + 𝑚2 (Δ (𝑟)
⋅ (𝜕𝜑𝑃)2 + sin2𝜃𝑟2𝜁 (𝑟) 𝑟2) (Δ (𝑟) sin2𝜃 (𝜕𝜃𝑃)2
+ Δ (𝑟) (𝜕𝜑𝑃)2 + sin2𝜃𝑟2𝜁 (𝑟))2] = 0,

(15)

where

𝜁 (𝑟) = sin2𝜃 (𝑡2𝑓 (𝑟) (𝐸)2 − 2𝑡𝐸 (𝐸𝑔 + 𝑓 (𝑟) 𝑅)
+ 𝑚2Δ (𝑟) + 2𝑔𝐸𝑅 − 𝐸2ℎ + 𝑓 (𝑟) (𝑅)2) 𝑟2. (16)

Solving (15) for the radial part, we find the following
solution:

𝑅 (𝑟)± = 𝜔√1 − 𝑘𝑟2/𝑎2 ∫𝑑𝑡 − ∫ 𝑔 (𝑟) 𝐸 (𝑟) ± √𝑔 (𝑟)2 𝐸 (𝑟)2 − 𝑓 (𝑟) [Δ (𝑟) (𝑚2 + (𝜕𝜃𝑃)2 + (𝜕𝜑𝑃)2) − ℎ (𝑟) 𝐸 (𝑟)2]
𝑓 (𝑟) 𝑑𝑟, (17)

and we note that +/− sign in the last equation corresponds
to the incoming (outgoing) wave solutions. At the apparent
horizon 𝑟 = 𝑟𝐴, it is clear that the function 𝑓(𝑟) vanishes;
that is, 𝑓(𝑟𝐴) = 0. Solving this integral we see that there is a
zero contribution to the imaginary part coming from the first

term; on the other hand solving the second integral we find

Im𝑅+ = 𝜋𝜔𝑟𝐴,
Im𝑅− = 0. (18)
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Hence, we have shown that there is no contribution of an
outgoing particle to the imaginary part of the action. This
shows that the tunnelling of Hawking quanta is from the
outside to the inside of the apparent horizonwhich is different
from the black hole case. Finally, the tunnelling probability
can be calculated as [29]

Γ = 𝑃in𝑃out =
exp [−2 (Im𝑅+ + Im𝑃)]
exp [−2 (Im𝑅− + Im𝑃)]

= exp (−2𝜋𝜔𝑟𝐴) .
(19)

Using the last result and comparing to the Boltzmann
equation Γ = exp(−𝜔/𝑇𝐻), we recover the Hawking temper-
ature from the apparent horizon

𝑇𝐻 = 12𝜋𝑟𝐴 . (20)

Hence, we have successfully derived the same relation
for the Hawking temperature as in the case of scalar and
Dirac particles tunnelled from the apparent horizon of FRW
universe [29–32]. We point out that this thermal flux of
radiation with a temperature 𝑇𝐻 can be detected by Kodama
observer which is inside the apparent horizon.

3. Hawking Radiation of Photons from
FRW Universe

In this section, we shall focus on tunnelling of photon
particles using the HJ method [35, 36]. The action without
the gauge fixing term is given as follows:

𝑆 = −14 ∫𝐹𝜇]𝐹𝜇]√−𝑔𝑑4𝑥, (21)

and then the equation of motion for this Maxwell field is
derived as

∇𝜇𝐹𝜇] = 0, (22)

where the field strength𝐹𝜇] is given in terms of the gauge field𝐴𝜇 as follows:
𝐹𝜇] = ∇𝜇𝐴] − ∇]𝐴𝜇, (23)

using the Lorentz gauge condition. Now, we use the same
procedure, and first we define the following ansatz for photon
field (Maxwell equation):

𝐴𝜇 = 𝐶𝜇exp( 𝑖ℏ𝑆 (𝑡, 𝑟, 𝜃, 𝜑)) . (24)

Again the energy of those quanta (photons) measured by
the Kodama observer reads

𝜔 = −𝐾𝑎𝜕𝑎𝑆 = −√1 − 𝑘𝑟2𝑎2 𝜕𝑡𝑆, (25)

where the Kodama vector is defined via

𝐾𝑎 = √1 − 𝑘𝑟2𝑎2 ( 𝜕𝜕𝑡)
𝑎 . (26)

We choose the following action for the tunnelling quanta:

𝑆 (𝑡, 𝑟, 𝜃, 𝜑) = −∫ 𝜔√1 − 𝑘𝑟2/𝑎2 𝑑𝑡 + 𝑅 (𝑟) + 𝑃 (𝜃, 𝜑) . (27)

After we solve Maxwell’s equations on the background of
FRW universe in Painlevé space-time we solve for detΞ =0, and then we find the following radial part for the wave
solution:

𝑅 (𝑟)± = 𝜔√1 − 𝑘𝑟2/𝑎2 ∫𝑑𝑡 − ∫ 𝑔 (𝑟) 𝐸 (𝑟) ± √𝑔 (𝑟)2 𝐸 (𝑟)2 − 𝑓 (𝑟) [Δ (𝑟) ((𝜕𝜃𝑃)2 + (𝜕𝜑𝑃)2) − ℎ (𝑟) 𝐸 (𝑟)2]
𝑓 (𝑟) 𝑑𝑟. (28)

By repeating the same argument as in the last section we
end up with exactly the same expressions for the imaginary
part

Im𝑅+ = 𝜋𝜔𝑟𝐴,
Im𝑅− = 0. (29)

Using the Boltzmann formula Γ = exp(−𝜔/𝑇𝐻), we find
the same result for the Hawking temperature

𝑇𝐻 = 12𝜋𝑟𝐴 . (30)

Hence, we have concluded that the temperature of the
Hawking radiation associated with the apparent horizon does

not depend on themass or type of tunnelling particles. It took
Jacobson to show that Einstein’s field equations can be inter-
preted as a thermodynamic law 𝑇𝑑𝑆 = 𝑑𝐸 + 𝑃𝑑𝑉 [33]. Later
on, this idea was put forward by many authors; in [37, 38]
this idea was generalised to the Friedmann equation for FRW
universe. Among other things, it was shown that Friedmann
equation can also be viewed in terms of the first law of
thermodynamics 𝑑𝐸 = 𝑇𝑑𝑆 +𝑊𝑑𝑉, at the apparent horizon.
Note that𝑊 = (𝜌 − 𝑃)/2 is the work density, 𝐸 is the energy,𝑉 gives the volume inside the apparent horizon, 𝜌 is energy
density, and 𝑃 is pressure of matter in the universe. Recently
in [34] a modified Friedmann equation with a power-law
corrected entropywas investigated.Weplan in the near future
to investigate the role of entanglement of tunnelling particles
from the apparent horizon.
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4. Conclusion

In this article we have investigated the Hawking radiation of
massive/massless vector particles in the framework of quan-
tum tunnelling method from the apparent horizon of FRW
universe. We have solved the relativistic Proca equation for
massive andmassless Hawking quanta working in a Painlevé-
type space-time metric for FRW universe. In the last part we
have found the radial solution of the wave function using
the WKB approximation method and the Kodama vector.
We have shown that quantum tunnelling of massive/massless
vector particles from the apparent horizon of FRW universe
gives rise to the same expression for theHawking temperature
as in the case of scalar or Dirac particles.
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